CLASSIFICATION OF POTENTIAL STRUCTURES ON 
MINKOWSKI SPACE OVER SUBGROUPS OF THE 
POINCARE GROUP 



M. A. PARINOV 

Abstract. We describe classes of potential structures (covector 
fields) on Minkowski space that admit subgroups of the Poincare 
group. We describe also seven classes of Maxwell spaces that admit 
subgroups of the Poincare group. 



2. Formulation of the problem and method of its solutionl 

3. Classes of potential structures! 



i. 



2£ 



3.6 



Contents 



Introduction! 



1 

2 
3 

Potentials that admit one-dimensional symmetry groups 3 



Potentials that admit two-dimensional symmetry groups! 6 



Potentials that admit three-dimensional symmetry groups! 
Potentials that admit four-dimensional symmetry groups 
Potentials that admit fivc-dimcnsional symmetry groups 
Potentials that admit six-dimensional symmetry groups! 



13 
28 
38 
40 



4. Appendix. Seven classes of Maxwell spaces that admit subgroups of the Poincare group! 
References! 45 



1. Introduction 

Using the classification of subgroups of the Poincare group [1] we 
classified Maxwell spaces with respect these subgroups 0] . We use 
classes of potential structures on Minkowski space, that admit the 
same subgroups of the Poincare group, for obtaining representatives 
of Maxwell spaces classes in 0. Some classes of potential structures 
were described in |3J Ej, in this paper we present for the first time the 
classification of potential structures completely. This classification is 
interesting itself, moreover it helps to define more precisely some classes 
of Maxwell spaces. For example some classes C p>q in spite of [21 Ej turn 
out non-empty, we describe them in appendix. 
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2. Formulation of the problem and method of its 

solution 

For any smooth, real manifold M we define a potential structure as 
a differential 1-form A = Aidx\ A* = Ai(x), x G M [2j. 

Let M be a four-dimensional manifold; let also g = gijdx % dx^ be a 

pseudo- Euclidean metric on M of Lorentz signature ( h). We may 

understand a pair (M, g) as a domain in the Minkowski space M.f. Any 
triple (M, A) is interpreted as a four-potential of electromagnetic 
field. A Maxwell space is a triple (M, g, F), where 

F = dA = F ij dx i dx j (F i:j = dtAj - djAJ (2.1) 

is a generalized symplectic structure 0. Since 2-form F is closed, 

dF = ^ %F ifc] = 0, 

then we may understand F^ as a tensor of electromagnetic field 1 . 

The problem of group classification of potential structures (M, g, A) 
(potentials on M C M 4 ) is analogous to the problem of classification 
Maxwell spaces over subgroups of the Poincare group OIHj. For every 
subgroup Gp t q, corresponding to the algebra C PtQ = . . . , £ P } 2 , we 

find the class P VA of potentials A*, which are invariant respectively this 
group; the potential A e P PtQ satisfies to the invariance condition 

L ia Ai = (a = 1, . . . , p = dim£ Pi ,) (2.2) 

(Lf is the Lie derivative). Solving (|2.2|l for every algebra C Pjq in [l], 
we'll get the complete group classification 3 of potential structures. 

We take the basis of the Lie algebra corresponding to the Poincare 
group as follows 

d = (1, 0, 0, 0), e 2 = (0, 1, 0, 0), e 3 = (0, 0, 1, 0), e 4 = (0, 0, 0, 1), 

e i2 = (-x 2 , x 1 , 0, 0), eia = (x 3 , 0, -x 1 , 0), e 23 = (0, -x 3 , x 2 , 0), 

e u = (x 4 , 0, 0, x 1 ), e 24 = (0, x 4 , 0, x 2 ), e 34 = (0, 0, x 4 , x 3 ). 

Here {x 1 } are the Galilean coordinates such that 

g {j = diag(-l, -1, -1, 1). 

In what follows, . . . , is the linear combination of vectors 

£i, . . . , £ p . We suppose that components of all tensors correspond to 
the Galilean coordinates {x 1 } even if they are expressed as functions 
of other variables. 

Remark 1. Every potential A e P VA admits the group G VA or more 
wide subgroup of the Poincare group. 

1 If the second Maxwell equation VfeF lfc = —^-J l is satisfied (if we disregard 
by physical restrictions, then we may understand this equation as a definition of 
current) . 

2 See the list of subgroups in £Q. 

3 We execute this operation only for algebras C p ^ q such that p < 6. 
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3. Classes of potential structures 
3.1. Potentials that admit one-dimensional symmetry groups. 

3.1.1. Translations. There are three types of non-conjugate in pairs, 
one-dimensional subgroups of translations. 

3.1.1.1. Class Pi 5 ia- The algebra Ci t i a = L{ei} corresponds to the 
one-dimensional group G\^ a of translations along the space-like vector 
e\. The equation ()2.2j) for the vector £ = e% takes the form 

d x Ai = 0. (3.1) 

Therefore all components of covector field A+ are independent of x l . 

Statement 1. The class Pi^ a of potentials that admit the group G\^ a 
consists of the fields = Ai(x 2 , x 3 , x 4 ). 

3.1.1.2. Class Pi^ib- The algebra Ci t u = £{ e 4} corresponds to the 
one-dimensional group Gi^b of translations along the time-like vector 
e^. The equation ()2.2j) for the vector £ = e 4 takes the form 

d 4 Ai = 0. (3.2) 

Therefore all components of covector field At are independent of x 4 . 

Statement 2. The class Pi t u of potentials that admit the group Ga if, 
consists of the fields Ai = Ai(x 1 , x 2 , x 3 ). 

3.1.1.3. Class P\ y ic- The algebra Ci t \ c = L{e2 + e 4 } corresponds 
to the one-dimensional group Gi t i c of translations along the isotropic 
vector e 2 + e 4 . The equation ()2.2|) for the vector £ = e 2 + e 4 takes the 
form 

d 2 Ai + d^Ai = 0. (3.3) 

Using the substitution 

v 1 = x 1 , v 2 = x 2 + x 4 , v 3 = x 3 , v 4 = x 2 - x 4 , (3.4) 
we receive the solution of equation ()3.3|) 

Ai = Ai(v\ v 3 , v 4 ) = Ai(x\ x 3 , x 2 - x 4 ), (3.5) 
where A^iv 1 , v 3 , v 4 ) are arbitrary functions. 

Statement 3. The class Pi 7 i c of potentials that admit the group Gi t i c 
consists of the fields ()3.5j) . 

3.1.2. Elliptic helices. The algebra £i )2 = L{eis + Ae 2 + /xe 4 } corre- 
sponds to the one-dimensional group Gi )2 of elliptic helices or rotations. 
The equation (j2.2j) for the vector £ = ei3 + Ae 2 + /xe 4 takes the form 

x 3 d 1 A i + Xd 2 Ai - x 1 dzA i + fxd 4 A { + A 1 5 3 - A z 5\ = 0. (3.6) 

Using the substitution {x 1 } i— > {x 1 } = {r, x 2 , <p, x 4 }, 

x 1 =rsm<p, x 2 = Xip + x 2 , x 3 = rcos<p, x 4 = jjap + x 4 1 (3.7) 



(3.9) 
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we transform the equation (|3.6|) to the system of equations 
dA l „ dA a dA 3 t dA A 

ay ay ay ay 

We have the following expression for the solution of the system (|3.8jl 
A\ = C\ cos y + C% sin y, A 2 = A 2 (r, x 2 , x 4 ), 
A 3 = —C\ sin cp + C 2 cos y, A 4 = Ai(r, x 2 , x 
where Cj = Cj(r, x 2 , x 4 ) are arbitrary functions. 

Statement 4. T7ie c/ass Pi )2 o/ potentials that admit the group Gi j2 
consists of the fields 

3.1.3. Hyperbolic helices. The algebra £i >3 = L{e 24 + Aei} corresponds 
to the one-dimensional group G\ t3 of hyperbolic helices or pseudo- 
rotations (Lorentz transformations). The equation ()2.2j) for the vector 
£ — ^24 + Aei takes the form 

Xd^ + x A d 2 Ai + x 2 a 4 ^ + A 2 <5 4 + A$ = 0. (3.10) 

Using the substitution 

x 1 = Ay + x 1 , x 2 = rcoshy, x 3 = x 3 , x 4 = rsinhy (3.11) 
we transform the equation ()3.10|) to the system of equations 

dA l dA 2 , dA 3 dA A , 

ay ay ay ay 

We have the following expression for the solution of the system ()3.12jl 

A\ = AUx 1 , r, x 3 ), A 2 = Ci cosh y + Co sinh y, 

i , (3-13) 
A 3 = A 3 (x , r, x ) , At = — C\ sinh p — C 2 cosh y , 

where Cj = C^x 1 ,^ x 3 ) are arbitrary functions. 

Statement 5. The class P± i3 of potentials that admit the group Gi$ 
consists of the fields ()3.13j) . 

3.1.4. Parabolic helices. The algebra £i )4 = L{ei 2 — e i4 + Ae 2 + yue 3 } 
(A,/i = const, A/i = 0) corresponds to the one-dimensional group Gi 4 
of parabolic helices or parabolic rotations. The equation (|2.2j) for the 
vector £ = ei2 — ei 4 + Ae 2 + /xe3 takes the form 

- A(5 2 + Sf) + (A 2 - A 4 )5] = 0, (3.14) 

where 

X = -(x 2 + x 4 )o! + (x 1 + X)d 2 + fid 3 - x l d A . (3.15) 

We consider 3 cases: a) A = /i = 0; b) A = 0, \i ^ 0; c) A ^ 0, // = 0. 
3.1.4.1. Class Pi )4a - For A = /i = we use the substitution 

x 1 = x 2 + x 4 , x 2 = —x 1 /(x 2 + x 4 ), 

1 (3-16) 

x 3 = x 3 , x 4 = ^(x 1 ) 2 + x 2 (x 2 + x 4 ); 1 ' 
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the operator (j3.15J) is replaced by partial derivative with respect to 
and the equation (j3.14j) is transformed to the system of equations 

dA x . . dA 2 . n 0A 3 n dA. 



x 2 



+ A 2 -A 4 = 0, ^±-Ax = 0, = 0, ^±-A 1 = 0. (3.17) 
ox z ox z ox z ox z 

We have the following expression for the solution of the system ()3 . 1 7|) 

Ai = C 2 x 2 + L7 3 , A 2 = l -C 2 {x 2 ) 2 + C 3 x 2 + d, 
A 3 = A 3 (x\ x 3 , x 4 ), A 4 = A 2 + C 2 , 

where A3 (a; 1 , x 3 , x 4 ) and Cf- = C^x 1 , x 3 , x 4 ) (k = 1, 2, 3) are arbi- 
trary functions. 

Statement 6. The class Pi,4 a of potentials that admit the group G\^ a , 
corresponding to the algebra £^4 (X = \x = 0), consists of the fields 
flUBl). 

3.1.4.2. Class Pi,4&. For A = 0, fi 7^ we use in place of (|3.1fi|) the 
substitution 

rr> ^" Hf'^ I r f^ T* ^ T*^ / ( If*^ I 1™^"^ 

i,C iXy I iX/ . iX. iX- / I tXj I tXj ) . 

ux 1 1 (3-19) 

^ = x ^ + -^— x * = l ^y + x ^ x - + x ^ 

x z + x 4 2 
then the equation ()3.14j) is transformed to the system (|3.17j) . 

Statement 7. The class Pi,46 of potentials that admit the group Cri,4&, 
corresponding to the algebra Ci^ (X = 0, n ^ 0), is defined by (j3.18j) . 
where the substitution ()3.16|) replaced by (|3.19p . 

3.1.4.3. C/ass -Pi j4c . For A 7^ 0, p = we use in place of ()3.16|) the 
substitution 

x 1 = 2Ax 4 + (x 2 + x 4 ) 2 , x 2 = (x 2 + x 4 )/A, x 3 =x 3 , 

(3 20) 

x 4 = Ax 4 + x 4 (x 2 + x 4 ) + (x 2 + x 4 ) 3 /3A, 
which transforms ()3.14|) to ()3.17jl . 

Statement 8. The class P\^ c of potentials that admit the group G\^ c , 
corresponding to the algebra (X 7^ 0, /i = 0), is defined by ()3.18|) . 
where the substitution (|3.1fi|) is replaced by ()3.2()j) . 

3.1.5. Proportional bi-rotations . The algebra £1,5 = L{e\ 3 + Ae 24 } cor- 
responds to the group of proportional bi-rotations. The equation 
(|2.2|) for the vector £ = ei 3 + Ae 2 4 takes the form 

XAi + A x <5 3 + AA 2 5 4 - A 3 6} + AA 4 5 2 , (3.21) 

X = x 3 d 1 + Ax 4 <9 2 - x 1 ^ + Ax 2 <9 4 . (3.22) 

We use the substitution {x*} — > {r, p, 0, ip}, 

x 1 = r cos(9 — (p) , x 2 = p coshfAo?), 

„ 7 (3.23) 

x = r sin(6 l — 97), x = psinh(A<p); 
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the operator ()3.22|) is replaced by partial derivative with respect to ip 
and the equation (j3.21j) is transformed to the system of equations 

dAt t dA 2 , „ 

9A 3 A dA 4 , , K ' 

dip dip 

We have the following expression for the solution of the system (|3.24jl 

Ai = C\ cos ip + C 2 sin ip, A 2 = C 3 cosh \ip + C 4 sinh \<p, 

A3 = — C\ sin (p + C 2 cos cp, A 4 = — C3 sinh \<p — C4 cosh \(p, (^'^) 

where Cj = Ci(p,r,9) are arbitrary functions. 

Statement 9. T7ie c/ass Pi^ of potentials that admit the group Gi$ 
consists of the fields (|H.25j) . 

3.2. Potentials that admit two-dimensional symmetry groups. 



3.2.1. Translations. There are three types of non-conjugate in pairs, 
two-dimensional subgroups of translations. 

3.2.1.1. Class P 2 ,ia- The algebra C 2 ^ a = L{ei, e 2 } corresponds to 
the group G 2 ,\ a of translations along the vectors of the Euclidean plane. 
We have £1,10 C £2,10,, therefore the class C 2) i a is a subclass of the class 
Ci^a. The equation ()2.2j) for the vector £ = e 2 takes the form 

d 2 Ai = 0, (3.26) 

Substituting Ai(x 2 , x 3 , x 4 ) for Ai in (|3.2fij) . we get the following result. 

Statement 10. The class P 2 ,i a of potentials that admit the group G 2 ,i a 
consists of the fields Ai = Ai(x 3 , x 4 ). 

3.2.1.2. Class P 2 ,ib- The algebra C 2 ^ = L{e 2 , e 4 } corresponds 
to the group G 2 ^ of translations along the vectors of the pseudo- 
Euclidean plane. Since C £2,16, we have P 2 ,i6 C Pi,i6. Substi- 
tuting A^x 1 , x 2 , x 3 ) for A, in ()3.26|) . we get the following result. 

Statement 11. The class P 2j ib of potentials that admit the group G 2 ,ib 
consists of the fields Ai = A^x 1 , x 3 ). 

3.2.1.3. Class P 2t i c - The algebra C 2 ,ic = L{ei, e 2 + e^} corresponds 
to the group G 2) \ c of translations along the vectors of the isotropic 
plane. Since £i,i c C £2,10, we have P 2i i c C Pi,i c . Combining ()3.5j) and 
(|3.1jl . we get the following result. 

Statement 12. T7ie c/ass P 2i i c of potentials that admit the group G 2j ± c 
consists of the fields Ai = Ai(x 3 , x 2 — x 4 ). 
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3.2.2. Class P 2 ,2- The algebra £ 2 ,2 = -^{ e i3 + A* e 4j corresponds to 
the group G 2 ^ 2 generated by elliptic helices with a time-like axis and by 
translations along a space-like straight line. Let £1,26 = £{ei3 + /ie 4 } 
be the algebra £i j2 for A = 0. Since £1,26 C £2,2, we have P 2 ,2 C Pi,2&- 
Since A = 0, the substitution (|3.7jl takes the form 

x 1 = rsin<^, x 2 = x 2 , x 3 = rcosip, x 4 = fnp + x 4 . (3.27) 

Substituting for Aj in (J32EJ), we get 



where Cj = Cj(r, x 4 ) are arbitrary functions. 

Statement 13. The class P 22 of potentials that admit the group G 2>2 
consists of the fields (|3.28j) . 

3.2.3. C/ass P 2 ,3- The algebra £ 2 ,3 = £{ e i3 + Ae 2 ,e 4 } corresponds to 
the group G 2 ,3 generated by elliptic helices with a space-like axis and 
by translations along a time-like straight line. By P\^ a denote the class 
Pi i2 for ji = 0, A 7^ 0. The class P 2j 3 is an intersection of P\^b an d Pi, 2a- 
In this case, the substitution ()3.7|) takes the form 

x 1 = rsm(p, x 2 = \(p + x 2 , x 3 = rcosp, x 4 = x 4 . (3.29) 

Since P2,3 C Pi )2 , it follows that P2,3 is defined by f!3.9j) . If P 2> 3 C Pl,i&, 
then all components A\ are independent of x 4 , therefore we have the 
following result. 

Statement 14. The class P 2>3 of potentials that admit the group G 2 ^ 
consists of the following fields 



where b^ = bk{r,x 2 ), A 2 (r, x 2 ), and A 4 (r, x 2 ) are arbitrary functions 
(the transformation of coordinates is defined by (J3.29j) ). 

3.2.4. Class P 2i4 . The algebra £ 2 ,4 = -^{ei3 + Ae 2 , e 2 + e 4 } corresponds 
to the group G 2 ^ generated by elliptic helices with a space-like axis 
and by translations along an isotropic straight line. The class P 2 ^ is 
an intersection of classes P^ 2a and P\^ c . Substituting ()3.9j) for Ai in 
()3.3|) . we get the following result. 

Statement 15. The class P 2 ^ of potentials that admit the group G 2y 4 
consists of the following fields 

Ai = C\ cos 09 + C 2 sin ip, A 2 = A 2 (r, x 2 — a; 4 ), 

2 4 ( 3 - 31 ) 

A 3 = — C\ sin 02 + C 2 cosy?, A 4 = A 4 (r, x — x ), 

where Ci = Ci(r,x 2 — x 4 ) are arbitrary functions (the transformation 
of coordinates is defined by ()3.29j) ). 



Ai = C\ cosy? + C 2 sin 09, A 2 = A 2 (r, x 4 ), 
A 3 = — Ci sin Lp + C 2 cosy?, A 4 = A 4 (r, x 4 ), 



(3.28) 



A 1 = bi cos y? + b 2 sin ip, A 2 = A 2 (r,x 2 ), 
A 3 = —bi sin tp + b 2 cos <p, A 4 = A 4 (r, x 2 ) 



(3.30) 
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3.2.5. Class P 2)5 . The algebra £ 2j5 = L{e 24: + Ae 3 , ei} corresponds to 
the group G 2 ,5 generated by hyperbolic helices and by translations 
along the space-like straight line. By Pi t3a denote the class of potentials 
that admit the group G\^ a corresponding to the algebra 

£i, 3a = L{e 2 i + Ae 3 }; 

it is defined by (|3.13jh where the substitution ()3.1H) is replaced by the 
following one: 

x 1 = x l , x 2 = rcosh(f, x 3 = \(p + x 3 , x 4 = r sinh (3.32) 

The class P 2 ,5 is an intersection of classes P\^a and Pi 5 i a - Combining 
(j3.13|) . ()3.32|) . and ()3.1|) . we get the following result. 

Statement 16. The class P 2 ,5 of potentials that admit the group G 2 $ 
consists of the following fields 

A\ = Ai (r, x 3 ), Ao = C\ cosh ip + C 2 sinh </?, 

' (3.33) 
A 3 = A 3 (r,x ), A4 = —C\ sinh <p — C 2 cosh <p, 

where Ci = Ci(r,x 3 ) are arbitrary functions and the transformation of 
coordinates is defined by ()3.32|) . 

3.2.6. Class P 2) %. The algebra £ 2j 6 = L{e 2 4 + Ae3, e 2 — e^} corresponds 
to the group G 2)6 generated by hyperbolic helices and by transla- 
tions along the isotropic straight line. Since Ci )3a C £ 2j 6, we have 
-^2,6 C Pi,3a- The equation f)2.2j) for the vector £ = e 2 — e 4 takes the 
form 

d 2 Ai - d 4 Ai = 0. (3.34) 
Using the substitution ()3.32|) . we solve the equation (j3.34j) for the po- 
tential ()3.13|1 . We get the following result. 

Statement 17. The class P 2i 6 of potentials that admit the group G 2> q 
consists of the following fields 

A\ = A\ (x 1 , x 3 — A In r) , A 2 = C\ cosh p + C 2 sinh cp, 

is (3-35) 
A 3 = A 3 (x , x — A In r) , A A = —C\ sinh <p — C 2 cosh <p, 

where 

C\ = ai (x 1 ,x 3 — A In r ) cosh In r + a 2 (x 1 ,x 3 — A In r ) sinh In r, 

(3.36) 

C 2 = a\(x , x — A lnr) sinh In r + a 2 {x , x — A lnr) cosh In r; 
the transformation of coordinates is defined by (J3.32|) . 

3.2.7. Here we describe classes of potentials corresponding to the al- 
gebra C 2 j = L{e\ 2 — eu + Ae 2 + fie 3 , e 2 — e^} (A/i = 0) for various A 
and /1. The corresponding group G 2 j is generated by parabolic helices 
and by translations along the isotropic straight line. The algebra C 2 j 
is an extension of £i )4 by means of the vector £ = e 2 — e^, therefore 
corresponding classes P 2 j a , P2jb, and P 2 j c are restrictions of classes 
Pi,4a, Pi,46, and Pi )4c by the condition ()3.34|) . 
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3.2.7.1. Class P 2 j a - For A = /i = the substitution ()3.16|) trans- 
forms the equation ()3.34|) to the form x 1 dAi/dx 4 = 0; therefore all 
components of potential are independent of x 4 . 

Statement 18. The class P 2 j a of potentials that admit the group G 2 j a , 
corresponding to the algebra C 2 j fA = \i = 0), consists of the following 
fields 

A 1 = C 2 x 2 + C 3 , A 2 = ±C 2 (x 2 ) 2 + C 3 x 2 + C 1 , 

A 3 = A 3 (x\ x 3 ), A 4 = A 2 + C 2} 

where A 3 (x 1 , x 3 ) and = C^x , x 3 ) (k = 1, 2, 3) are arbitrary func- 
tions and the transformation of coordinates is defined by (J3.16j) . 

3.2.7.2. Class P 2 jb- For A = 0, /i ^ we use the substitution ()3.19|) 
instead of ()3.16|) . We have the following result. 



Statement 19. The class P 2 ,7b of potentials that admit the group G 2 jb, 
corresponding to the algebra C 2 j (A = 0, fi ^ 0), consists of the fields 
(13.37)1 . where the transformation of coordinates is defined by ()3.19j) . 

3.2.7.3. Class P 2Jc . For A ^ and \i = the substitution (j3~2TIjl 
transforms the equation ()3.34j) to the form: — A dAi/dx 4 = 0; therefore 
all components of potential are independent of x 4 . 

Statement 20. The class P 2 j c of potentials that admit the group G 2 j c , 
corresponding to the algebra £ 2 ,7 (A ^ 0, fi = 0), consists of the fields 
()3.37|) . where the transformation of coordinates is defined by ()3.20|) . 

3.2.8. Class P 2j8 . The algebra £ 2>8 — L{ei 2 — ei4 + \e 2 , e 3 } corresponds 
to the group G 2 ,8 generated by parabolic helices and by translations 
along a space-like straight line. Since £i,4 C C £ 2 ,8, then P 2>8 C Pi,4 C . 
The class P 2i $ is a restriction of the class P\a c by the condition (J2.2)) 
for the vector e 3 

d 3 Ai = 0. (3.38) 

The substitution ()3.20|1 transforms the equation ()3.38|) to the form: 
dAi/dx 3 = 0; thus we have the following result. 

Statement 21. The class P 2i $ of potentials that admit the group G 2t $ 
consists of the following fields 

A x = C 2 x 2 + C 3 , A 2 = ^C 2 (x 2 ) 2 + C 3 x 2 + C 1 , 
A 3 = A 3 (x\x 4 ), A 4 = A 2 + C 2 , 

where A 3 (x , x 4 ) and Ck = Ck{x , x 4 ) (k = 1, 2, 3) are arbitrary func- 
tions and the transformation of coordinates is defined by ()3.2()j) . 
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3.2.9. Class P 2i9 . The algebra £ 2j9 = L{ei 3 + Xe 24: , e 2 — e 4 } corresponds 
to the group G 2 ,9 generated by proportional bi-rotations and by trans- 
lations along an isotropic straight line. Since £i >5 C £ 2> g, then the class 
P 2>9 is a subclass of the class Pi 5 . The class P 2>9 is a restriction of the 
class Pi 5 5 by the condition ()3.34j) ( (|2.2j) for the vector e 2 — 64). The 
substitution ()3.23j) transforms the equation ()3.34|) to the form: 

dAi OA, BAi , * \ 

thus we have the following result. 

Statement 22. The class P 2) g of potentials that admit the group G 2;9 
consists of the following fields 

Ai = C\ cos 09 + C 2 sin <p, A 2 = p$3e A</3 , 

A3 = — C\ sin 09 + C 2 cos 09, A 4 = — p$3e v , 



(3.41) 



d = $1 cos — f - + $ 2 sin — 
A A 

C 2 = sm — -— - + $ 2 cos ■ 



(3.42) 



A A 

where $k = &k (r, X9 + In p) are arbitrary functions and the transfor- 
mation of coordinates is defined by (I3.23j) . 

3.2.10. Class P 2) i . The algebra £ 2j io = L{ei 3 , e 24 } = L{ei 3 + e 24 , ei 3 } 
corresponds to the group G 2 ,io generated by rotations and pseudo- 
rotations or, equivalently, by rotations and proportional bi-rotations 
for A = 1. As £1,5 C £2,10, then C 2 ,u) C (A = 1). In this case 
(J3.25)) takes the form 

A\ = C\ cos 09 + C 2 sin 09, A 2 = C^e v + Cde - ^, 

(3-43) 

A 3 = —G\ sin 09 + C 2 cos 09, A 4 = — C^e 9 + C 4 e v . 
Substituting ()3.43|) for in the equation ()3.6|) for A = /i = 

x 3 ^ - x l dzA i + A 1( 5 3 - A 3 6} = 0, (3.44) 
we obtain the following result. 

Statement 23. The class P 2i io of potentials that admit the group G 2i io 
consists of the following fields 

A\ = —t\ sin(# — 09) + t 2 cos(6 l — <f), A 2 = t^e 9 + t 4 e _</3 , 

(3.45) 

As = ti cos(6* — if) + t 2 sin(6 l — ip), At = —t^e 9 + t^e v , 

where t^ = ^(r, p) are arbitrary functions and the transformation of 
coordinates is defined by ()3.23|) for A = 1 : 

x 1 = r cos(6> — ip), x 2 = p cosh 09, 

3 4 (3-46) 

x =rsin(9 — {p), x = psinho9. 
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3.2.11. Here we describe classes of potentials corresponding to the al- 
gebra £ 2 ,n = L{e 12 - e u + \e x + //e 3 , e 23 + e 34 - [ie x + Ae 3 } 
(A = 0, fi 7^ ~ A 7^ 0, \i = 0). The case A = ji = is required 
for description some following classes. 

3.2.11.1. Class P2.11 (A = 0, /i 7^ 0). The algebra £2,11 corre- 
sponds to the group (^2,11 generated by two one- dimensional subgroups 
of parabolic helices with different axises. Since C x ^b C £2,11, then 
P2.11 C Pi,4&. For description the class P 2 ,u we substitute ()3.18j) - (j3.19|) 
for in equation ()2.2|) for the vector £ = e 2 3 + e 34 — fie x 

XA, - A 2 6f + A 3 (5 2 + + ^A 3 = 0, (3.47) 
Xf = -ixdxf - x 3 d 2 f + (x 2 + x 4 )d 3 f + x 3 d 4 f = 

= JL »l + P) a -'* °L-iP S *°L. (3.48) 
x 1 dx 2 x 1 dx 3 dx 4 

We use the substitution 

x^x 3 1 



u 



(x 1 ^) 2 + x 4 ((x 1 ) 2 - n 2 ) (3.49) 



(x 1 ) 2 -^ 2 ' 2 
to solve these equations; we obtain the following result. 

Statement 24. The class P2.11 of potentials that admit the group G 2jXX 
consists of the following fields 



(3.50) 



I 2 _ 

A x = $x 2 + A 2 = -$ (x 2 ) + ^x 2 + H, 
A 3 = T, A 4 = ^> (x 2 ) 2 + ^x 2 + ~ + $, 

tf = -^$ + C a , T = -$u + C 2 , 

x 1 

„ V 2 + (£ 1 )\ 2 /xCi + ^2 ( 3 - 51 ) 

G = — ®U ~-\ U + C 3 , 

2(£!) 2 x 1 

where $ = ^(x 1 , t>) and Ck = C^x 1 , v) are arbitrary functions and 
transformations of variables are defined by ()3.19j) and fl3.49|) . 

3.2.11.2. Class P 2illa (A = \l = 0). The algebra 

£2,110 = -^{ei2 - eu, e 23 + e 34 } 

corresponds to the group G 2iXXa generated by two one-dimensional sub- 
groups of parabolic rotations. We write the equation ()2.2|) for the basis 
vectors e X2 — ei 4 and e 23 + e 34 : 

XA X + A 2 - A A = 0, XA 2 - A x = 0, XA 3 = 0, XA A - A x = 0, 
X = -(x 2 + x 4 )d x +x 1 d 2 -x 1 ^, (3.52) 
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and 

YAi = 0, YA 2 + A 3 = 0, YA 3 - A 2 + A 4 = 0, YA 4 + A 3 = 0, 
Y = -x 3 d 2 + (x 2 + x 4 )d 3 + x 3 <9 4 . (3.53) 

We use the substitution 

x 1 = x 2 + x 4 , x 2 = — x 1 /(x 2 + x 4 ), x 3 = x 3 1 (x 2 + x 4 ), 

^ = (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 - (x 4 ) 2 ; (3 ' 54) 

the operator X is replaced by partial derivative with respect to x 2 , the 
operator Y - - by partial derivative with respect to x 3 . We have the 
following solution of the system ()3.52|) - (j3.53j) : 

A 1 = -x 2 $ + , A 2 = -]^>((x 2 ) 2 + (x 3 ) 2 ) + x 2 * - x 3 H + 6, 
A 3 = x 3 $ + S, A 4 = A 2 -$, (3.55) 

where $ = ^(x 1 ,^ 4 ), * = ^(x^x 4 ), H = ^(x^x 4 ) and 6 = G^x 4 ) 
are arbitrary functions. 

Statement 25. The class P2.H0 °/ potentials that admit the group 
^2,110 defined by ()3.55|) and ([3.54)1 . 

3.2.12. CZass P2,i2- The algebra £2,12 = £{ e i2 — &u, e 24 + Xe 3 } cor- 
responds to the group G2,i2 generated by parabolic rotations and by 
hyperbolic helices. Since £1,40 C £2,12 and £1,30 C £2,12, then P 2> i2 = 
Pi,4o H Pi,3o- For description the class P242 we substitute (j3.18j) - (j3.16)) 
for Ai in equation (|2.2|) for the vector £ = e 2 4 + Ae 3 

x 4 a 2 ^ + A«9 3 ,4; + z 2 <Mi + A 2 5- + A A 5 2 = 0. (3.56) 

The equation (|3.5fij) is a system 

XA X = 0, XA 2 + A A = 0, XA 3 = 0, 1A 4 + A 2 = 0, (3.57) 

where the operator X by substitution (|3.16|) is replaced to the form: 

Xf = x%f + Xd 3 f + x 2 d,f = x 1 ^ - x 2 % + A|4 + (^) 2 |4- 

ox 1 ox 1 ox 6 ax 4 

Substituting (|3.18j) for Ai in ()3.57|) . we obtain some differential equa- 
tion; taking into account a linear independence of the functions (x 2 ) 2 , 
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x 2 , and 1, we get the following system 



^dC 2 x dC 2 , ,„ U2 dQ 



x 



dx 1 ~^ ^ dx 3 ~^ ^ X ^ dx 4 ^ 2 



,dC 3 dC 3 , lN2 dC 3 
x 1 — + A — + (x ) — = 0, 
dx 1 dx 3 dx 4 

^dA 3 , 8A 3 , ,„ lN2 0A 



x 



dx 1 ^ <9x 3 ^ ^ <9x 4 



dx 1 <9x 3 <9x 4 1 

+ ~l^ +A ^ + ( ~l )2 dc2 = 

dx 1 <9x 3 <9x 4 



(3.58) 



Using the substitution 



u = x 3 -Alnx\ v = x*--(x x ) 2 , (3.59) 



we integrate the system ([3.58|) ; the result is 



x 



Ci = --$i + -$ 2 , C 2 =X 1 $ 1 , C 3 = $3, ^3 = $4, (3.60) 
2 x 1 

where = t>) are arbitrary functions. Substituting ()3.60|) for 

Cfc and A 3 in (|3.18jl . we obtain the following result. 

Statement 26. The class P 2 ,\2 of potentials that admit the group G 2 ^\ 2 
is defined by 

A, = X l X 2 ^ + $ 3 , A 2 = X - ((X 2 ) 2 - l) $! + X 2 $ 3 + ^, 

\ y J x (3.61) 

A 3 = $ 4 , A 4 = X - ((X 2 ) 2 + l) + £ 2 $ 3 + |f , 

where transformations of variables are defined by ()3.16|) and (|3.59|1 . 
3.3. Potentials that admit three-dimensional symmetry groups. 

3.3.1. Here we describe classes of potentials corresponding to three- 
dimensional groups of translations. 

3.3.1.1. Class P 3j i a The algebra £3,10 = L{ex,e 2 ,e 3 } corresponds to 
the group G 3} \ a of translations along the vectors of three-dimensional 
Euclidean space Ox 1 x 2 x 3 . Since C 2t i a C £3,10, then the class P 3i i a is a 
subclass of P 2> i a . Substituting A^x 3 , x 4 ) for A4 in the equation ()3.38|) 
( ()2.2p for the vector £ = 63), we have the following result. 

Statement 27. The class P 3} i a of potentials that admit the group G 3i i a 
consists of the fields A4 = A^x 4 ). 
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3.3.1.2. Class P 3i i&. The algebra £3,15 = L{ei,e 2 ,e 4 } corresponds 
to the group G^ of translations along the vectors of three-dimensi- 
onal pseudo-Euclidean space Ox l x 2 x 4 . Since £2,16 C £3,16, then the 
class C 3j i6 is a subclass of C 2) ib- Substituting A^x 1 , x 3 ) for A4 in the 
equation (|3.2|1 . we have the following result. 

Statement 28. The class P 3t \b of potentials that admit the group G 3t \b 
consists of the fields A$ = A^x 3 ). 

3.3.1.3. Class P 3 i c The algebra C 3t i c = L{ei, e 3 , e 2 + e4} corresponds 
to the group G 3 ^ c of translations along the vectors of a three-dimen- 
sional isotropic space. Since £2,10 C £3,10, then the class Pz,i c is a 
subclass of P2 i c . Substituting Ai( 4 ) for Ai in ()3.38j) . we have 
the following result. 

Statement 29. The class P 3t \ c of potentials that admit the group G 3 ^ c 
consists of the fields Ai = A^x 2 — x 4 ). 

3.3.2. Class P 3 ^- The algebra £3,2 = L{ei 3 + Ae2, ei, 63} (A 7^ 0) corre- 
sponds to the group G^,2 generated by elliptic helices with a space-like 
axis and by translations along the vectors of the two-dimensional Eu- 
clidian plane. We obtain the class P3,2 as a solution of the system of 
equations (|3.1j) . ()3.38|) . and ()3.6|) for /i = 0: 

x 3 diAi + A^ - x 1 d 3 A i + A x 8 3 - A 3 6l = 0. (3.62) 

The solution of the system f)3. lj) — f)3.38|) is A { = A^x 2 , x 4 ). Substituting 
Ai(x 2 , x A ) for Ai in equation ()3.62|) . we have 

\d 2 A 1 - A 3 = 0, \d 2 A 2 = 0, \d 2 A 3 + A 1 = 0, \d 2 A 4 = 0. (3.63) 

We obtain the solution of the system ()3.63j) for A 7^ in the form 

x^ 

A x = Ci(x 4 )sin— + C 2 (x 4 )cos— , A 2 
A A 

x 2 x 2 
A 3 = Ci(x 4 ) cos — — C2(x ) sin — , A4 
A A 

where Ci(x 4 ), C 2 (x 4 ), A 2 (x 4 ) 1 and At(x 4 ) are arbitrary functions. 

For A = the group G 3 ^ is a motion group of the two-dimensional 
Euclidian plane; in this case we have the solution of the system ()3.63|) 
in the form 

A 1 = A 3 = 0, A 2 = A 2 (x 2 , x 4 ), A A = A 4 (x 2 , x 4 ). (3.65) 

Statement 30. For A ^ the class P 3j 2 of potentials that admit the 
group G 3t 2 consists of the fields (|3.64jk for A = this class defined by 



A 2 (x 4 ), 



A 4 (x 4 ), 



(3.64) 
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3.3.3. Class P 3j3 . The algebra £ 3j3 = L{ei 3 + /ie 4 , ei, e 3 } (/i 7^ 0) 
corresponds to the group generated by elliptic helices with a time- 
like axis and by translations along the vectors of the two-dimensional 
Euclidian plane. We obtain the class P 3i3 as a solution of the system 
of equations (JEZEJ), (j3~38jl . and (JHjIJ) for A = 0: 

x 3 d 1 A i - x l d 3 Ai + iid^Ai + A^f - A 3 8\ = 0. (3.66) 

We have the following result. 

Statement 31. The class P33 of potentials that admit the group G 3t3 
consists of the fields 

x 4 x 4 
Ai = Ci(x 2 ) sin h C 2 (x 2 ) cos — , A 2 = A 2 (x 2 ), 

x* (3 - 6r) 

A 3 = CAx 2 ) cos C 2 (x 2 ) sin — , At = AJx 2 ), 

H ' H 

where C\(x 2 ), C 2 (x 2 ), A 2 (x 2 ), and A^{x 2 ) are arbitrary functions. 

3.3.4. Class P 3 ^. The algebra £3,4 = L{e\ 3 + X(e 2 + e^), e±, 63} corre- 
sponds to the group G 3t 4 generated by elliptic helices with an isotropic 
axis and by translations along the vectors of the two-dimensional Eu- 
clidian plane Ox 1 x 3 . We obtain the class P3 5 4 as a solution of the 
system of equations (|3.1|) . ()3.38|) and (|3.6J) for A = ji ^ 0: 

x^dxAi + \d 2 Ai - x 1 d 3 A i + A«9 4 A + A x 5f - A 3 5] = 0. (3.68) 

Substituting A;(x 2 , x 4 ) for Ai in ()3.68j) . we have 



\{d 2 + d i )A 1 - A 3 = 0, X(d 2 + d 4 )A 2 = 0, 
A(<9 2 + d 4 )A 3 + A 1= 0, A(<9 2 + d A )A 4 = 0. 



(3.69) 



Using the substitution 

u = x 2 + x 4 , v = x 2 — x 4 , (3.70) 
we get the solution of the system ()3.69|) : 



(3.71) 



11 u 

Ax = C l (v)sm— + C 2 {v)cos—, A 2 = A 2 {v), 

11 11 

A 3 = Ci(v) cos — - C 2 (v) sin — , A A = A 4 (v), 

where Ci(v), C 2 (v), A 2 (v), and A±{v) are arbitrary functions. 

Statement 32. The class P^^ of potentials that admit the group G 3y 4 
is defined by (|3.71j) and ()3.7()j) . 
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3.3.5. Class P 3)5 . The algebra £ 3)5 = L{e 24 , ei, e 3 } corresponds to the 
group G 3i 5 generated by pseudo-rotations in the plane Ox 2 x A and by 
translations along the vectors of the Euclidean plane Ox 1 x 3 . We obtain 
the class P 3j5 as a solution of the system of equations (j3.1J) . (|3.38|) . and 
(JUni) for A = 0: 

x 4 d 2 Ai + x 2 d 4 Ai + A 2 5f + A 4 5 2 = 0. (3.72) 

Substituting Ai(x 2 , x A ) for Ai in ()3.72j) . we get 

XA X = 0, XA 2 + A 4 = 0, XA 3 = 0, 1A 4 + A 2 = 0, (3.73) 

where X = x 4 d 2 + x 2 d 4 . Using the substitution 

x 2 = pcoshy?, x 4 = psmhip, (3.74) 

we obtain the solution of the system ()3.73j) in the form 

A\ = Ai(p), A 2 = Ci(p) coshy? + C 2 (p) sinhyj, 
A 3 = A 3 (p), A 4 = -Ci(p) sinhy? - C 2 {p) cosh<p, 

where Ci(p), C 2 (p), Ai(p), and A 3 (p) are arbitrary functions. 



(3.75) 



Statement 33. The class P 3i 5 of potentials that admit the group G 3 $ 
is defined by (J3.75j) and ()3.74j) . 

3.3.6. C/ass P 3)6 . The algebra £ 3j6 = L{e 24 + Ae 3 , e 2 , e 4 } corresponds to 
the group G 3j6 generated by hyperbolic helices and translations along 
the vectors of the pseudo-Euclidean plane. The algebra C 3 ^ is an exten- 
sion of C 2t u by means of the vector £ = e 2 4 + Ae 3 , therefore P 3> 6 C P 2 ,i{,. 
Substituting A^x 1 , x 3 ) for A^ in the equation ()3.56j) ( (|2.2j) for the vec- 
tor £ = e 24 + Ae 3 ), we get 

A<9 3 Aa = 0, Xd 3 A 2 + A 4 = 0, A<9 3 A 3 = 0, Xd 3 A 4 + A 2 = 0. (3.76) 

For A 7^ we have the following solution of the system (j3.76jl : 



1 1 

A 1 = A^x 1 ), A 2 = Ci(x l ) cosh — + C^x 1 ) sinh — , 

A A 

A 3 = A^x 1 ), A 4 = -C^x 1 ) sinh — - C 2 (x 1 ) cosh — . 

A A 



(3.77) 



where Cx(x 1 ), C 2 (x 1 ), A i (x 1 ), and A^x 1 ) are arbitrary functions. 

For A = G 3j 6 is a motion group of two-dimensional pseudo-Euclidean 
plane; in this case we have the solution of the system ()3.76|) in the form 

Ax = Ax(x\ x 3 ), A 2 = 0, A 3 = A 3 (x\x 3 ), A 4 = 0. (3.78) 



Statement 34. The class P 3i 6 of potentials that admit the group G 3; 6 
is defined by (|3.77j) /or A 7^ 0; for A = it is defined by ()3.78j) . 
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3.3.7. Class P 3 j. The algebra £ 3j7 = L{e 2i + Ae 3 , ex, e 2 — e 4 } corre- 
sponds to the group G 3 j generated by hyperbolic helices and by trans- 
lations along the vectors of an isotropic plane. The algebra £ 37 is an 
extension of £ 2 ,6 by means of the vector ex, therefore P 37 C P 2 ,6- Since 
Ai satisfies to the equation (|3.1j) . then it is independent of x 1 = x ; 
thus we have the following result. 



Statement 35. The class P 37 of potentials that admit the group G 3 j 
consists of the fields 

Ax = Ax (u) , A 2 = C\ cosh <f + Ci sinh <p, 
A 3 = A 3 (u), A/x = —Cx sinh ip — C 2 cosh ip, 



(3.79) 



where 



Cx = ax (u) cosh In r + a 2 (u) sinh In r, 
C<i = ax(u) sinh In r + a 2 (u) cosh In r, 



(3.80) 



u = x 3 — Alnr, and the transformation of coordinates is defined by 
(13321) . 

3.3.8. Class P 3j8 . The algebra £ 3>8 = L{ex2 — &xa + Ae 2 , e 3 , e 2 — 64} 
corresponds to the group G 3i8 generated by parabolic helices and by 
translations along the vectors of an isotropic plane. The algebra £ 3i8 
is an extension of £ 2)7c and £ 2)8 , therefore P 3j8 = P 2j7c fl P 2j8 . We have 
the following result. 

Statement 36. The class P 3)8 of potentials that admit the group G 3;8 
consists of the fields 

Ax = C 2 x 2 + C 3 , A 2 = ^C 2 {x 2 ) 2 + C 3 x 2 + Cx, 

A 3 = A 3 (x 1 ), A 4 = A 2 + C 2 , 

where A^x 1 ) and Ck = C^x 1 ) (k = 1, 2, 3) are arbitrary functions 
and x 1 = 2\x x + (x 2 + x 4 ) 2 . 

3.3.9. Here we describe classes of potentials corresponding to the al- 
gebra £ 3j g = L{ex 2 — ei4 + Ae 2 + / ue 3 , ex, e 2 — e 4 } (A/i = 0) for various A 
and /i. The corresponding group G 3t g is generated by parabolic helices 
and by translations along the vectors of an isotropic plane. The alge- 
bra £ 3i 9 is an extension of C 2 j by means of the vector ex, therefore the 
corresponding classes P 3i g a , P3,%, and P 3; 9 C are restrictions of classes 
-P2,7a, P2,76, and P 2i7c by the condition (j3.1J) . We consider three cases: 
a) A = fl= 0; b) A = 0, /i + 0; c) A ^ 0, // = 0. 

3.3.9.1. Class P 3 $b- For A = 0, fi 7^ we use the substitution (J3.19|) . 
the equation ()3.1|) is transformed to 

1 dAi u dAi , 9 <9A 
__ _i _)_ -L_ _ x x J = 0. (3.82) 

x 1 dx 2 x 1 dx 3 dx 4 
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Substituting (|3.37|) for A4 in ()3.82|) . we get some equation; using a linear 

independence of functions (x 2 ) 2 , x 2 , and 1, we obtain the following 
equations 

d ° 2 n d ° 3 r n dC > r n dA * n (<x 

for the functions C^x 1 , x 3 ) and A^x 1 , x 3 ). We have the solution of 
in the form: 



2/z z /i 



d = + — ^(x 1 ) + Six 1 ), C 2 = 

(3.84) 



C 3 = -$(x 1 ) + V(x 1 ), A 3 = A 3 (£ 1 ), 
where A 3 (x l ), ^(x 1 ), ^(x 1 ) and ^(x 1 ) are arbitrary functions and 
x 1 = x 2 + x 4 , x 3 = x 3 + '"' 



X 2 + X 4 



Statement 37. The class P 3} 9b of potentials that admit the group £3,%, 
corresponding to the algebra £3,9 (X = 0, fi 7^ 0), consists of the fields 

A 1 = C 2 x 2 + C 3 , A 2 = ±-C 2 (x 2 ) 2 + C 3 x 2 + C 1 , 

2 (3.85) 

A 3 = A 3 (x 1 ), A± = A 2 + C 2 , 
where Ck are defined by ()3.84j) . 

3.3.9.2. Class -P 3 ,9 a - Let now /i = A = 0, then P 3i g a C P 2 j a ', we 
obtain the following solution of the system (|3.83j) 

d = d{x\ x 3 ), C 2 = C 3 = 0, A 3 = A 3 {x\ x 3 ). (3.86) 

Statement 38. The class P 3 $ a of potentials that admit the group G 3 $ a , 
corresponding to the algebra £ 3i9 (X = \i = 0), consists of the fields 

Ax = 0, A 2 = A 4 = C 1 (x 1 ,x 3 ), A 3 = A 3 (i\x 3 ), (3.87) 

where C\(x l , x 3 ) and A$(x x , x 3 ) are arbitrary functions and 

~ 1 1 4 ~ S S 

/y ry I rr* fY* ry 

JU JU I . JU JU . 

3.3.9.3. Class P 3 $ c . For A 7^ 0, \i = the algebra 

£ 3i9c = L{e 12 - eu + Ae 2 , ei, e 2 - e 4 } 

includes the algebra £2, 7c, therefore P 3)9c C P 2 j c - Here we use the 
substitution (|3.20j) . the equation ()3.1|) takes the form 

Since A4 is independent of x 4 , we have the following result. 
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Statement 39. The class P 3j g c of potentials that admit the group G 3 $ c , 
corresponding to the algebra C 3 $ c , consists of the fields 

A 1 = C 2 x 2 + C 3 , A 2 = ±C 2 (x 2 ) 2 + C 3 x 2 + C 1 , 

A 3 = A 3 (S: 3 ), A 4 = A 2 + C 2} 

where A 3 (x 3 ) and Ck = Ck(x 3 ) (k = 1, 2, 3) are arbitrary functions 
and x 2 = (x 2 + x 4 ) / A, x 3 = x 3 . 

3.3.10. Here we describe classes of potentials corresponding to the 
algebra £3,10 = L{ei 2 — e 14 + \e 2 , e\ + /ie 3 , e 2 — e 4 } for various A and 
/i. The corresponding group G 3iW is generated by parabolic helices or 
parabolic rotations and by translations along the vectors of an isotropic 
plane. If \x = 0, then £3,10 = £3,90- We consider two ) A ^ 0, 

fj, 0; b) A = 0, n ^ 0. 

3.3.10.1. Class P 3 ,io a - Let A 7^ 0, /i 7^ 0. The algebra £3,100 = £3,10 
is an extension of £2, 7c by means of the vector e\ + fie 3 , therefore 
-P3,ioa C P 2 j c - The equation (|2.2jl for £ = e\ + \ie 3 takes the form 

<9iA + fid 3 Ai = 0. (3.90) 

Using the substitution ()3.20j) we transform ()3.90j) to the form 

BAi dAi , 9 dAi 

Substituting (I3~37l) - (l3~2711l for A { in (I33TJ) . we get the following result. 

Statement 40. The class P 3) io a of potentials that admit the group 
G 3l io a , corresponding to the algebra C 3t i 0a , consists of the fields 

A l = C 2 x 2 + C 3l A 2 = ^C 2 {x 2 ) 2 + C 3 x 2 + C ll 

A 3 = A^x 1 - 2A5 3 ), A 4 = A 2 + C 2 , 

where A^fix 1 — 2Xx 3 ) and Ck = Cki/ix 1 — 2Xx 3 ) (k = 1, 2, 3) are 
arbitrary functions and 

x 1 = 2XX 1 + (x 2 + x 4 ) 2 , Z 3 = x 3 . 

3.3.10.2. Class P 3> \Qb Let A = 0, \i 7^ 0. The algebra 

£3,106 = L{ei 2 - e 14 , e 1 + /ie 3 , e 2 - e 4 } 

is an extension of £2,70 by means of the vector e 4 + //e 3 , hence P 3t iob C 
P%7a- By means of substitution ()3.16|1 equation (|3.90J) is transformed 
to the form 

1 dAi dAi _ 
x 1 dx 2 ^ dx 3 

Substituting ()3.37j) for Ai in ()3.93j) . we get some equation; using a linear 
independence of functions {x 2 ) 2 , x 2 , and 1, we obtain the following 
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equations 

/i dC 1 = Q fx dC l _C2 =Q fx dC 1 _Cs =0 dM =Q (g g4) 

dx 3 ' dx 3 x 1 ' dx 3 x 1 ' dx 3 

for the functions Ck{x l , x 3 ) and /^(x 1 , x 3 ). We have the solution of 
(|3.94|) in the form: 

2 ^ X) ^ (3.95) 

where A 3 (x l ), ^(x 1 ), ^(x 1 ), and ^(x 1 ) are arbitrary functions. 

Statement 41. The class -P^iob o/ potentials that admit the group 
^3,106, corresponding to the algebra £3,106, consists of the fields (|3.85J) . 
where Ck are defined by (|3.95jl and 

~1 2,4-2 ^ ~3 3 

/•y* r f* J— T* T* T* T* 

X" 1 + X 4 

3.3.11. CZass -P 3 ,n. The algebra £3,11 = L{ei 3 + Ae 2 4, ex, e 3 } corre- 
sponds to the group G 3i n generated by proportional bi-rotations and 
by translations along the vectors of two-dimensional Euclidian plane. 
The class P 3t ix, corresponding to the algebra £3,11, is a subclass of the 
class Px t 5- For description of it we substitute (|3.25|) for A4 in equations 

dAi sm(6 - <p) dAj 
cos ( e - ; -qq = ( 3 - 96 ) 

and 

• la \ dAi , cos(e-ip)dAi 

M6- V )— + — = (3.97) 

(equations ()3.1|) and ()3.38|) . transformed by substitution ()3.23|) ): we 
have the following solution 

A\ = Cx(p) cos <p + C 2 (p) simp, 
Ai = C 3 (p) cosh Xip + C±(p) sinh Xip, 
A 3 = -Cx{p) siny? + C 2 (p) cosy?, 
A^ = —C 3 (p) sinh Xip — C±(p) cosh Xip, 

where = C&(p) are arbitrary functions. 

Statement 42. The class Ps^xi of potentials that admit the group G 3) n 
consists of the fields 



(3.98) 
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3.3.12. Class P^vz- The algebra £3,12 = £{ e i3 + ^ e 24, e 2 , e 4 } corre- 
sponds to the group G312 generated by proportional bi-rotations and 
by translations along the vectors of two-dimensional pseudo-Euclidian 
plane. The algebra £3,12 is an extension of £^5 by means of the vectors 
e 2 and e 4 , therefore P3 > i2 C Pi$. For description of it we substitute 
()3.25|) for Ai in equations 

dAi sinh(A^) dAj sinh(Ay) dAj 
cosh(Ay) — - — ^ = (3.99) 

and 

. dAi , cosh(Ay) dAj cosh (Ay) dAj , , 

- smh(Ay)— + + = (3-100) 

(equations (|3.26j) and ()3.2j) . transformed by substitution ()3.23|l ). Mul- 
tiplying ()3.99|) by cosh(Av?), ()3.1()()|) by sinh(Ay) and summing received 
equations, we get 

dAi/ dp = 0; (3.101) 

therefore Ai and Ck are independent of p: Ck = Ck(r,9). Further, we 
have the following consequence of equations ()3.99|) and ()3.1()1|) : 

w + t = (3 ' 102) 

The system (|3~nn )l - (|3.1l)()p is equivalent to the system (|3.1()l|) - (|3.102j] . 
Substituting ()3.25|) for A4 in ()3. 101|) — f)3.102|) . we get a result of calcu- 
lations: 

A\ = ai(r) sin(6 l — ip) + 0.2(7") cos(6* — y), 

A 2 = a 3 (r) sinh[A(fl - p)] + a 4 (r) cosh[A(# - p)], 

^3 = -a-i(r) 003(0 — y) + a 2 (r) sin^ - <p), 

A 4 = a 3 (r) cosh[A(6' — <p)] + a 4 (r) sinh[A(6 ) — <p)], 

where = a.fc(r) are arbitrary functions. 

Statement 43. The class P^\2 of potentials that admit the group 
consists of the fields ()3.103j) ( the transformation of coordinates is de- 
fined by (j3~2Hjl ). 

3.3.13. Class Pz,xz- The algebra £3,13 = L{ei 3 , e 24 , e 2 — e 4 } is an ex- 
tension of the algebra £2,10 by means of the vector e<i — e 4 , therefore 
^3,13 C P 2 ,io- By substitution (|3~47)J) the equation (j3~M ((Q for the 
vector i = e2 — e 4 ) takes the form 

dAi dAi dAi 

^ + *r-^ = °- < 3 - 104 > 

Substituting (j3.45j) for Ai in the equation ()3.1()4j) . we obtain the fol- 
lowing result. 
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Statement 44. The class P 3y \ 3 of potentials A4 that admit the group 
G 3j i3 consists of the fields 

A x = -*i(r) sin(fl - p) + t 2 {r) cos(fl - p), 

D(r) 

A 2 =pC{r)e* + ^e-*, 

P (3 105) 

A 3 = h (r) cos(# -p)+t 2 (r) sin(0 - ip) , v ' ; 

D(r) 

A A = -pC(r)eU— e"", 
P 

where tx(r), t 2 (r), C{r), and D(r) are arbitrary functions, (the trans- 
formation of coordinates is defined by ()3.46j) ). 

3.3.14. Class -P 3j i4. The algebra 

£3,14 = L{e u - e u + Aei + /ie 3 , e 23 + e 34 + ve x + Ae 3 , e 2 - e 4 } 

corresponds to the group G 3 i 4 generated by two one-dimensional sub- 
groups of parabolic helices and by translations along an isotropic straight 
line. The equation ()2.2|) for basis vectors of the algebra £ 3j i4 take the 
following forms 

XAi - A x (8? + 8f) + (A 2 - A 4 )5l = 0, 

X = (X- x 2 - x 4 )di + fid 3 , (3.106) 

YAi - (A 2 - A 4 )5 3 + A 3 (5 2 + 8f) = 0, 

Y = vd x + (A + x 2 + x 4 )d 3 , (3.107) 

and ()3.34|) . We have the solution of the equation ()3.34j) in the form 

At = Ai(x\ x 2 + x\ x 3 ). (3.108) 

Substituting f)3. 108|) for Aj in equations ()3.106|) and ()3.107|) and trans- 
forming theirs by means the substitution 

2 , 4 /xx 1 + {u- X)x 3 vx 3 -{u + X)x 1 , Q1nn x 

u = x + x , p = — — , ip = — — , 3.109 

u z — A z + p,v u z — \ z + p,v 

we obtain two systems 



dA x „ dA 2 dA 3 dA 4 A 

+ A 2 - A 4 = 0, — - - A x = 0, — - = 0, — - - A x = 0, 



(3.110) 
0. 

(3.111) 



dip dip dip dip 

8A X dA 2 A dA 3 dA A 
-jr 1 = 0, — - + A 3 = 0, — ± - A 2 + A 4 = 0, — - + A 3 = 0. 

dip dp dp dp 

We have the total solution of the system ()3.110j) in the form 

A\ = ip C 2 (u, p) + C 3 (u, p), 

A 2 = l -iP 2 C 2 (u, p) + iP C 3 (u, p) + Ci(«, p), (3.112) 
A 3 = A 3 (u,p), A 4 = A 2 + C 2 (u,p). 
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Finally, substituting (|3. 112(1 for A; L in (|3. 111(1 . we obtain 

A 1 = C 3 (u), A 2 = A 4 = ^C 3 (u) + C 1 (u), A 3 = 0, (3.113) 

where C\(u) and C 3 (u) are arbitrary functions. 

Statement 45. Tne class P 3t i4 of potentials that admit the group 
consists of the fields defined by (|3. 113(1 and (|3.109|) . 

3.3.15. C/ass P 3t is. The algebra £3,15 = L{e\ 2 — eu, e 24 , e 3 } corre- 
sponds to the group G 3 ^ 5 generated by parabolic rotations, by pseudo- 
rotations, and by translations along a space-like straight line. The 
algebra £3,15 is an extension of the algebra £2, 12a (£2,12 for A = 0) by 
means of the vector e 3 , therefore the class P 3 ^ is a subclass of P 2; i 2a 
(P 2 ,i2 for A = 0). Substituting ^E^-^E^-^J^ for A4 in equation 
), which means independence Ai of x 3 , we obtain the following 



result. 

Statement 46. The class P345 of potentials that admit the group G 3 ^ 
consists of the fields defined by (|3.61|) . where 



are arbitrary functions and the transformation of coordinates is defined 
by (JOI. 

3.3.16. Glass ^3,16- The algebra 

£3,16 = L i e i2 - e i4 , e 24 + Aei + /ie 3 , e 2 - e 4 } 

corresponds to the group G7 3j i 6 generated by parabolic rotations, by 
hyperbolic helices, and by translations along an isotropic straight line. 
The algebra £3,16 is an extension of the algebra £ 2i j a = L{e 42 — eu, 
62 — e 4 } by means of the vector e 24 + Aei + fie 3 , therefore P 3> i6 C P 2 j a - 
The equation (|2.2(1 for the vector £ = e 24 + Aei + ^3 takes the form 

XAi + A 2 6f + A^l = 0, (3.114) 
Xf = Xdxf + x%f + fid 3 f + x 2 d 4 f = -\^L^L + x'x 2 ^ + 

, ~1 ^/ ~2 , 5 / , /~lx2 d f fn 1 1 c\ 

(3 - U5) 

(here we use the substitution (|3.16(l ). Substituting ()3.37() for A4 in 
()3.114|) . we get some equation; using a linear independence of functions 
{x 2 ) 2 , x 2 , and 1, we obtain the following equations 

^dC 2 dC 2 ~idC 3 dC 3 A 

x TFT + ^7FT ~ = 0> & — r + //— 3 - — C 2 = 0, 

OX 1 OX 6 OX 1 OX A X 1 (11 If,) 

^dC, dC, A 8A 3 ^ ° j 

x "^T + ^~fr~3~ + Cl + - -rC 3 = 0, X — - + /i— T = 
OX 1 OX X ox ox 
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for the functions C^x 1 ,^ 3 ) and A 3 (x 1 ,x 3 ). Using the substitution 

u = x 3 — //lnx , v = lnx , (3.117) 
we transform 1)3.116)1 : the solution of received system takes the form 



C x = $ 3 (u)e- v - -^(u) e v + ve~ 



l 

-\ 2 v&i(u) + A$ 2 (u) • 
2 iV ; A ; J (3.118) 



C 2 = $i(M)e^, C 3 = At;$i(M) + $ 2 (M), A 3 = $ 4 (u), 

where $&(«) are arbitrary functions. Thus we have the following result. 

Statement 47. The class P 3 ,w of potentials that admit the group £3,16 
consists of the fields 

A 1= C 2 x 2 + C 3 , A 2 = \c 2 {x 2 ) 2 + C 3 x 2 + d, 

A 3 = $ 4 (w), A 4 = A 2 + C 2 , 

where Ci = Ci(u,v) are defined by ()3. 118)1 - ()3. 117)1 . $&(«) are arbitrary 
functions, and 

~1 2,4-2 ^ ~S 3 

/^» r f* _1— T* T* T* rf 

X 2 + X 4 

3.3.17. Class P 3 ,i 7 . The algebra £ 3; i 7 = L{e u - e M , e 23 + e 34 , e 24 } 
corresponds to the group G 3 ,i7 generated by two one-dimensional sub- 
groups of parabolic helices and by hyperbolic rotations. The algebra 
C 3i u is an extension of the algebra £ 2i n a by means of the vector e 24 , 
hence P 3) i7 C P 2) n a - The equation (J2.2j) for the vector £ = e 24 takes 
the form 

XA 1 = 0, XA 2 + A A = 0, XA 3 = 0, XA A + A 2 = 0, (3.120) 

where X = x A d 2 + x 2 <9 4 . By substitution (J3.54)) we replace X to the 
form 

X = ^7FT-^7^-^^- ( 3 - 121 ) 
ox 1 ox z ox 4 

Substituting ()3.55)) for A4 in ()3.120)) - ()3.121)) . we get some equation; 

using a linear independence of functions (x 2 ) 2 , x 2 , (x 3 ) 2 , x 3 and 1, 

we obtain some system of equations; solving this system, we get the 

following result. 

Statement 48. The class P 3t n of potentials that admit the group G 3 ,i7 
consists of the fields defined by (J3.55)) . where 

<^> = x 1 C 1 (x 4 ), V = C 2 (x 4 ), ~=C 3 (x 4 ), 

r 1 CJr 4 ) (3.122) 

Ck(x 4 ) are arbitrary functions, and the transformation of coordinates 
is defined by (j3.54j) . 
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3.3.18. The algebra £ 3>18 = L{e 12 - e 14 , e 23 + e 34 , e u + A(e 2 - e 4 )} 
corresponds to the group G 3t i 8 generated by two one-dimensional sub- 
groups of parabolic rotations and by elliptic helices with an isotropic 
axis (or rotations for A = 0). The algebra £3,18 is an extension of the al- 
gebra £2,110 by means of the vector ei3 + A(e2 — e 4 ), hence P 3i i$ C P2.Ua- 
The equation (|2.2jl for the vector £ = ei 3 + X(e 2 — e 4 ) takes the form 

XA X - A 3 = 0, XA 2 = 0, XA 3 + A x = 0, XA 4 = 0, (3.123) 

where X = x 3 d± + A<9 2 — x 1 d? J — A<9 4 . By substitution (J3.54)) we replace 
X to the form 

X = -x 3 ^ + x 2 ^ + 2Ax 1 ^. (3.124) 

ox z ox 6 ax 4 

Substituting ()3.55|) for Aj in ()3.123|) - (j3.124|) . we get some equation; 
using a linear independence of variables x 2 , x 3 , and their powers, we 
obtain the system of equations: 

<9$ J$ d& , <93 

A » = °' 2X1 W ~ ~ = °' A » = °' 2Ai aU + * = 0. (3.125) 

3.3.18.1. Class P^isa- F° r A ^ the solution of equations ()3.125|) 
takes the form 



* = C^x 1 ) cos ^ + C^x 1 ) sin $ = C^ 1 ), 

5 = -CMx 1 ) sin ^ + C 2 (x v ) cos 9 = ^(x 1 ), 

where Ck(x l ) are arbitrary functions. 

Statement 49. TTie c/ass -P 3 ,i8a o/ potentials that admit the group 
G3,i8a corresponding to the algebra £3,18 (X 7^ 0) is defined by (|3.55|) 
and (13.126)1 ('t/ie transformation of coordinates is defined by (13.54)1 ). 

3.3.18.2. C/ass i^isfe- For A = the solution of equations ()3. 125)1 
takes the form 

$ = $(x\ x 4 ), * = 3 = 0, 6 = 9(x\ x 4 ), (3.127) 

where ^(x 1 ,^ 4 ) and 0(x 1 ,x 4 ) are arbitrary functions. Substituting 
()3. 127)1 for $, \1>, 3, and 6 in ()3.55jl . we get the following result. 

Statement 50. The class P3,i8& of potentials that admit the group 
^3,186 corresponding to the algebra £3,186 = L{e\ 2 — ei 4 , e2 3 + e3 4 , 613} 
(£3,18 /or A = 0) is defined by the following formulae 

A, = -x 2 $(x\x 4 ), A 2 = -i((x 2 ) 2 + (x 3 ) 2 )$(x\x 4 ) + 0(x\x 4 ), 
A 3 = x 3 $(x\x 4 ), A 4 = A 2 - $(x\x 4 ) (3.128) 
ft/ie transformation of coordinates is defined by 1)3.54)1 ) . 



(3.126) 
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(3.131; 



3.3.19. Class P^ig. The algebra 

£3,19 = L{e 12 - e 14 , e 23 + e 34 , e 13 + Ae 24 } (A ^ 0) 

corresponds to the group G 3i i 9 generated by two one-dimensional sub- 
groups of parabolic rotations and by one-dimensional subgroup of be- 
rotations. The algebra £3,19 is an extension of the algebra £2,110 by 
means of the vector ei3 + Ae24, hence P3 5 ig C P2.ua- The equation (|2.2|) 
for the vector £ = e± 3 + Ae24 takes the form 

XAi - A 3 = 0, XA 2 + XAi = 0, 

XA 3 + A 1 = 0, XA A + \A 2 = 0, (3,129) 

where X = x 3 <9i + Xx 4 d 2 — x 1 d 3 + Ax 2 <9 4 . By substitution ()3.54j) we 
replace X to the form 

X = Ax 1 A - (£ 3 + Ax 2 ) A + (5 * _ x^JL. (3.130) 

Substituting ()3.55|) for A4 in (|3.129|) - (|3.130jl . we get some equation; 
using a linear independence of variables x 2 , x 3 , and their powers, we 
obtain the system of equations: 

\ ax 1 / ax 1 

/ <99 \ (9- 

A x 1 — + 9 - $ = 0, Ax 1 -^ + * = 0. 
\ ox 1 J ox 1 

The solution of equations (|3.131j) takes the form 

2 x 1 

* = C 3 (x 4 ) cos ^ + C 4 (x 4 ) sin (3.132) 
A A 

, — 1 r i / — 4\ . lux / ~4\ In x 

c = — C 3 (x J sm — h C 4 (x ) cos — - — , 

A A 

where Ck(x A ) are arbitrary functions. 

Statement 51. The class P 3) ig of potentials that admit the group G^ig 
is defined by formulae ()3.55|) and (I3.132J) ( the transformation of coor- 
dinates is defined by ()3.54j) ). 

3.3.20. Class P 3 , 2 $. The algebra £3,20 = L{e\ 2) e\ 3l e 23 \ corresponds 
to the group £3,20 = 5*0(3) of rotations over origin O in the three-di- 
mensional subspace IR 3 , = {x G M 4 : x 4 = 0} of Minkowski space. Since 
for A = /j, = £12 C £3 20 an d the algebra £3,20 is an extension of the 
algebra L{ei 3 } by means of the vectors e\ 2 and e 2 3, hence P 32 o C P\^ 2 
(for A = \i = 0). The equation ()2.2|) for the vectors e\ 2 and e 2 3 takes 
the forms 

XA 1 + A 2 = 0, XA 2 -A 1 = 0, XA 3 = 0, XA 4 = (3.133) 
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(X = — x 2 d 1 + x l d 2 ) and 

YA 1 = 0, YA 2 + A 3 = 0, YA 3 -A 2 = 0, YA 4 = (3.134) 

(Y = -x 3 d 2 + x 2 d 3 ). By substitution {H2J) for A = p = 

x 1 = r sirup, x 2 = x 2 , x 3 = rcos<^, x 4 = x 4 (3.135) 

we replace X and Y to the forms: 

v ~2 ■ 9 , ■ 9 x 2 cos</? 9 

X = -x sirup— + rsmtp—— — , (3.136) 

or ox* r a<p 

v ~2 9 9 x 2 siny d 

Y = xcos(p- rcosy^— — — . (3.137) 

or ox z r a<p 

Substituting (J£HJ) for A { in equations (j3.133j) - (j3.13(ij) and (j3.134j) - 
fj3.137j) . we get some equations; dividing variables in them, we obtain 
the system of equations: 

„ 2 oc 2 ac 2 ~*ac x d& as* 

- x — — + r— — + A 2 = 0, -x— — + r— — H = 0, 

ar ctar or ox z r 

-^ + A 2 = 0, -x 2 ^ + r^-C 2 = 0, C 1 = 0, (3.138) 

_ 2 5d <9C 2 C 2 x 2 „ 2 «9A 4 &4 4 

+ r ^7 H = °' _a; ~5 hr ^ r 7 = - 

ar ctar r or ox 1 

The solution of the system f)3. 138|) takes the form 

C 1 = C 2 = A 2 = 0, A 4 = A 4 {p,x 4 ), (3.139) 



where p = \fr 2 + (x 2 ) 2 = ^/(x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 . Substituting (|3.1l- 
for and Aj, in ()3.9|h we get the following result. 

Statement 52. The class P 3y2 o of potentials that admit the group G 3t2 o 
takes the form 

At = (0, 0, 0, M{p, x 4 )), (3.140) 
where A 4 (p, x 4 ) is an arbitrary function. 

3.3.21. Class P 3<2 ±. The algebra £3,21 = L{e\ 2) e u , e 24 } corresponds to 
the group G 3>2 i generated by rotations and by pseudo-rotations. The 
algebra £3,21 is an extension of the algebra £i j3 (A = 0) by means of 
the vectors e\ 2 and eu, hence P 3)2 \ C P\ t3 (for A = 0). The equation 
(|2.2|) for the vector e\ 2 takes the form ()3.133|1 . and for the vector eu 
— as follows 

x 4 d x Ai + x l d±Ai + Arff + A A 5] = 0. (3.141) 

By substitution (|3.11|) for A = 

x 1 = x 1 , x 2 = rcoshy?, x 3 = x 3 , x 4 = rsinhy9 (3.142) 

we replace the operator X = —x 2 di + x l d 2 to the form: 

did x 1 sinhy9 d 

X = — r cosh ip— — + x cosily— — . (3.143) 

ox L or r dip 
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Substituting ()3.13|) for A4 in equations ()3.133j) - ()3.143|) . we get some 
equations; dividing variables in them, we obtain the system of equa- 
tions: 

c 2 = o, r a^_^_ci = o, 

ox or 

r lFT " ^ Sr 1 + A i = °> A i + 1 = ' ( 3 - 144 ) 

ax 1 ar r 

r ^r~ x ^r~ = °' r ^r~ a; ^ — H = °- 

ox 1 or ox 1 or r 

The solution of the system (j3.144|) takes the form 

A 1 = A 2 = A± = 0, A 3 = A 3 (u,x 3 ), (3.145) 



where u = \/r 2 + (x 1 ) 2 = a/ (x 1 ) 2 + (x 2 ) 2 — (x 4 ) 2 . Substituting (|3.145jl 
for Ai in (|3.141|) . we get an identity. Thus we obtain the following re- 
sult. 

Statement 53. The class Ps^i of potentials that admit the group £3,21 
takes the form ([3.145)) . where A 3 (u, x 3 ) is an arbitrary function. 

3.4. Potentials that admit four-dimensional symmetry groups. 

3.4.1. Class P 4) i. The algebra £4,1 = L{e x , e 2 , e 3 , e 4 } corresponds to 
the group of translations of Minkowski space Rf. The algebra £4,1 
is an extension of the algebra £3,10 by means of the vector e^, hence 
P 4 ,i C P 3M . Substituting A(x 4 ) for A { in f[3.141jl . we get 

Statement 54. The class P^i of potentials that admit the group G^i 
consists of the fields Ai, which are constant in Galilean coordinates: 
Ai = const. 



3.4.2. Class P 4)2 . The algebra £ 4i2 = L{ei 3 + /ze 4 , e 1; e 2 , e 3 } (/x 7^ 0) 
is an extension of the algebra C 3i3 by means of the vector e 2 , therefore 
Pi,2 C P 3j3 . Substituting ffTTTTTTf) for Aj in (l3~27jj) . we get 



4 4 

30 30 



Ai = Cisin hC 2 cos — , A 2 = C 3 , 

£ £ (3 - 146) 

A 3 = C\ cos C 2 sin — , A 4 = C4 ((7*. = const). 

ji /i 

Statement 55. T/ie class P 4i2 of potentials that admit the group G 4)2 
consists of the fields ()3. 146)1 . 

3.4.3. Class P^ 3 . The algebra £4,3 = L{e\ 3 + Ae 2 , ei, e 3 , e^} (A 7^ 0) 
is an extension of the algebra £3^ by means of the vector e^, therefore 
P4,3 C P 3)2 . Substituting (jUBH) for A, in flH2]), we get 

Ai = Ci sin — + C 2 cos — , A 2 = C 3 , 

\ \ (3.147) 

A 3 = C\ cos — — C 2 sin — , A 4 = C4, 
A A 
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where Ck = const. For A = potentials of the class P 32 are defined by 
QMB- Substituting fHO?H|) for A in (Q, we get 

A = A 3 = 0, A = A 2 {x 2 ), A = A 4 {x 2 ). (3.148) 

Statement 56. For A ^ the class P^ of potentials that admit the 
group G^s consists of the fields (j3.147j) : for A = it consists of the 
fields (EOm 

3.4.4. Class P^. The algebra £4,4 = L{ei3 + Ae2, ei, e3, e 2 + 64} is 
an extension of the algebra £3,10 by means of the vector ei3 + Xe 2 , 
therefore P 4 ,4 C P 3 ,i c - Substituting A(^ 2 - x 4 ) for A in (j3~K2~jl ((Q 
for the vector £ = ei3 + Ae2), we obtain the system (|3.63j) : for A 7^ 
the solution of (|3.63|) takes the form 

2 4 2 4 

A = Cisin hC 2 cos , A = C 3 , 

2 4 2 4 ( 3 - 149 ) 

oc oc 

A = C\ cos C 2 sin , A = C 4 , 

A A 

where Ck = const. For A = and A = A(^ 2 — x 4 ) the solution of 
(J3.63)) takes the form 

A = A = 0, A 2 = A 2 (x 2 - x 4 ), A A = A^x 2 -x 4 ), (3.150) 

where A 2 (x 2 — x 4 ) and A^x 2 — x 4 ) are arbitrary functions. 

Statement 57. For A ^ the class P^ of potentials that admit the 
group G 4j 4 consists of the fields ()3.149|) .- for A = it consists of the 
fields (EHm 

3.4.5. C/ass P4 i 5. The algebra £4,5 = L{e 2 4, e±, e 3 , e 2 + e^} is an exten- 
sion of the algebra £3,10 by means of the vector e24, hence P^ C P 3 ,i c . 
Substituting A^x 2 -x 4 ) for A in (I3~T2U1) (Q for the vector £ = e 24 ), 
we obtain 



- 4 x 2 )A 1 = 0, (x 4 - x 2 )A 2 + A = 0, 



x 



- 4 x 2 )A3 = 0, (x 4 - x 2 )A' 4 + A = 0. 



X 



(3.151) 



The solution of 1)3.151)) takes the form 

A 1 = C 1 , A = C 2 -(x 2 -x 4 ) + ^^, 

C 

A = C 3 , A i = C 2 -(x 2 -x 4 )- 4 (C7 fc = const). 

x^ — X 4 



(3.152) 



Statement 58. The class P^ of potentials that admit the group G^ 
consists of the fields ()3. 152)1 . 
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3.4.6. Class P 4>6 . The algebra £ 4i6 = L{e 24 + Ae 3 , ex, e 2 , e 4 } is an ex- 
tension of the algebra £ 3;6 by means of the vector ex, hence P 4j6 C P 3> 6- 
Substituting (|3~TTf) for in (JSHJ) ((Q for the vector f = d), we 
obtain for A 7^ the following result: 

A 1 — Ci, A 2 = C 2 cosh — + C 4 sinh — , 

A , A , (3.153) 

A 3 = C 3 , A 4 = — C 2 sinh — — C 4 cosh — , 

A A 

where Ck = const. Let be A = 0. Substituting ()3.78|) for A4 in (|3.1j) . 

we get 

= Ai(a; 3 ), A 2 = 0, A 3 = A 3 (x 3 ), A 4 = 0. (3.154) 

Statement 59. For A ^ i/ie class P 4j 6 0/ potentials that admit the 
group G 4j 6 consists of the fields (j3.153j) : /or A = consists of the 
fields (ETTMj) . 

3.4.7. C/ass P 4 j. The algebra £ 4 j = L{ei 3 + Ae 24 , ex, e 3 , e 2 + e 4 } 
(A 7^ 0) is an extension of the algebra £ 3 .i c by means of the vector 
ei 3 + Ae 24 , hence P 4j 7 C P 3 ,i c . Substituting A^x 2 — x 4 ) for A4 in (|3.21|) - 
()3.22|) f (J2.2|) for the vector ^ = e i3 + Ae 24 ), we obtain 

A(x 4 - x 2 )A; -A 3 = 0, \{x 4 - x 2 )A 2 + XA 4 = 0, 

A(x 4 - x 2 )A' 3 + A l= 0, \{x 4 - x 2 )A; + XA 2 = 0. 

The solution of (|3.155j) takes the form 

Ax^CxCos^-^+C^n^ 2 -^ 



(3.155) 



A d A 



A 2 = C 2 (x 2 - x 4 ) + 



A 3 = Cl sin Hx2 - xi) -C 3 cos Hx2 - x4) 



(3.156) 



A A 



A, = C 2 (x 2 - x 4 ) - (C k = const). 



Statement 60. The class P±j of potentials that admit the group G 4 j 
consists of the fields ()3.156|) . 

3.4.8. Class P 4i g. The algebra £ 4> s = L{ei 2 — e 44 + Ae 3 , ex, e 2 , e 4 } is 
an extension of the algebra £ 3 ,i& by means of the vector ei 2 — ei 4 + Ae 3 , 
hence P 4j s C P 3 ,i&. Substituting Ai(x 3 ) for Ai in the equation ()2.2j) for 
the vector £ = ei 2 — ei 4 + Ae 3 

XAi - Ax(6 2 + 6 4 ) + (A 2 - A A )5] = 0, (3.157) 

X = -(x 2 + x 4 )dx + x 4 d 2 + \d 3 - x 1 d 4 , (3.158) 

we obtain 

\A[ + A 2 - A 4 = 0, AA 2 - A x = 0, \A' 3 = 0, \A' 4 - A x = 0. (3.159) 
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For A 7^ the solution of (|3. 159(1 takes the form 

* = t"+<>. ^ = §W + ^ + ft, (3160) 

A 3 = d, A A = A 2 + C 2 (C k = const); 
for A = the same is 

Ai = 0, A 2 = A 4 = $(x 3 ), A 3 = ^(x 3 ), (3.161) 
where $(x 3 ) and \I/(x 3 ) are arbitrary functions. 

Statement 61. For A ^ £/ie c/ass P^s of potentials that admit the 
group L?4 8 consists of the fields ((3.160(1 : /or A = it consists of the 

fields Anno. 

3.4.9. Class P^g. The algebra £4,9 = = L{ei 2 — ei 4 +Ae2, ei, e3, e2— 64} 
corresponds to the group G 4i g generated by parabolic helices and by 
translations along the vectors of an isotropic hyperplane. The solution 
of the system L ei Ai = L e3 Ai = L e2 _ e4 Ai = takes the form 

A = A, t (x 2 + x 4 ). (3.162) 

Substituting ((3.162(1 for in (|2.2|) for the vector ei 2 — ei 4 + Ae 2 

XAi - A x {5 2 + Sf) + (A 2 - = 0, (3.163) 

X = -(x 2 + x 4 )<9i + (x 1 + A)<9 2 - x 1 d A) (3.164) 

we get the system ((3.159(1 . For A 7^ and = Ai[x 2 + x 4 ) the solution 
of (|3. 159(1 takes the form 

A, = ^(x 2 + x*) + C 3 , A 2 = ^ 2 (x 2 + x 4 ) 2 + ^ (x 2 + x*) + C 4 , 
A 3 = C U A A = A 2 + C 2 (C k = const); (3.165) 

for A = the same is 

Ai = Q, A 2 = A 4 = $(x 2 + x 4 ), A 3 = ^(x 2 + x 4 ), (3.166) 

where $(x 2 + x 4 ) and \l/(x 2 + x 4 ) are arbitrary functions. 

Statement 62. For A ^ the class P^g of potentials that admit the 
group G49 consists of the fields ((3.165(1 : for A = it consists of the 

fields (jHJEED - 

3.4.10. C/ass P^io- The algebra £4,10 = L{ei 3 , e 24 , ei, e3, } is an ex- 
tension of the algebra £3,5 by means of the vector ei 3 , hence P^io C Ps^. 
Substituting ((3.75(1 for A4 in ((2.2(1 for the vector £ = ei 3 

x 3 ^ - x 1 ^ + Ai<Jf - A 3 5] = 0, (3.167) 

we get some system; using the substitution ((3.74(1 . we obtain the fol- 
lowing result 

A± = 0, A 2 = Ci(p) cosh 09 + C 2 (p) sinh 09, 

A 3 = 0, A 4 = —C\ (p) sinh — C 2 {p) cosh <p, 
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where C\{p) and C 2 (p) are arbitrary functions. 

Statement 63. The class P^io of potentials that admit the group G^io 
is defined by (I3.168j) and 1|3773} . 

3.4.11. Class P^n- The algebra £4,11 = L{ei 3 , e 24 , e 2 , e 4 , } is an ex- 
tension of the algebra £ 3) 6 (for A = 0) by means of the vector ei 3 , hence 
Pa,u C P 3i6 (A = 0). Substituting (jHIZHD for A, in <|3.1B7jl . we get some 
system; using the substitution 

x 1 =rsm<p, x 3 = rcos(p, (3.169) 

we obtain the following result 

A\ = Ci(r) simp + C 2 (r) cosip, A 2 = 0, 
A 3 — C*i( r ) cos(^ — C 2 (r) siny), A 4 = 0, 

where Ci(r) and C 2 (r) are arbitrary functions. 



(3.170) 



Statement 64. The class P^n of potentials that admit the group G^n 
is defined by (j3~T7njl and (jO^. 

3.4.12. Class P^± 2 . The algebra 

£4,12 = L{e u - e M + /ie 3 , e 23 + e 34 + ue 2 , e 1} e 2 - e 4 } 

corresponds to the group £74,12 generated by two one-dimensional sub- 
groups of parabolic helices and by translations along the vectors of an 
isotropic two-dimensional plane. The total solution of the system of 
equations (|2.2|) for ex and e 2 — e 4 takes the form 

A = Ai(x 2 + x 4 , x 3 ). (3.171) 

The equation (|2.2jl for the vector £ = ei 2 — ei4 + /xe 3 takes the form 

- + 5f) + (A 2 - A 4 )# = 0, (3.172) 
X = -(x 2 + x 4 )<9i + x 1 ^ - d 4 ) + nd 3 ; (3.173) 

for the vector £ = e 23 + e 3 4 + ve 2 the same is 

YA t + A 3 (5 2 + 6f) - (A 2 - A 4 )6f = 0, (3.174) 
Y = vd 2 + (x 2 + x 4 )<9 3 - x 3 (d 2 - <9 4 ). (3.175) 

Substituting (jSHID for A» in (jHZj - dSHBD and fl3IZlH|3IZ5J , we 

get 

+ ^2 - A 4 = 0, /i— - - Ai = 0, 
dx dx (3 1761 

M3 n ^ 4 4 n 
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and 

dAi , n , N dAi dA 2 , o An dA 2 

v a^ + + x V = °' "a? + (l + 1 > a? + * = °' 

Solving the system of equations (|3.176|) - (|3.177|) . we obtain the result. 

Statement 65. The class P^n of potentials that admit the group G^\ 2 
is defined by the following formulae: 

a) for n = v = 

Ai = 0, A 3 = y(x 2 + x 4 ), 

A ^ 2 4 , x 3 ^(x 2 + x 4 ) (3-178) 
A 2 = A 4 = $ (x 2 + x 4 ) v ; ; 

X 2 + X 4 

b) for fi = 0, u^O 



1 I 4 

A x = 0, A 2 = A 4 = - X X ttfo) 
A 3 = *(//) I // = x 3 ^ x2 + x ^ 2 



2v 



(3.179) 



c) for jj, 7^ 0, z/ = 



2 | 4 

A 1 = $(x 2 + x 4 ), A 3 = - X +3: $(x 2 + x 4 ), 



3 

A 2 = A 4 = — $(x 2 + x 4 ) + ^(x 2 + x 4 ); 



(3.180) 



d) for fi^Q, v j£ 

Ai = A 3 = 0, A 2 = A 4 = const (3.181) 

($> and iff are arbitrary functions of one variable). 

3.4.13. Class P^is- The algebra 

£4,13 = L i e i2 ~ eu, e 24 + Aei, e 3 , e 2 - e 4 } 

corresponds to the group G 4 i 3 generated by parabolic rotations, by 
hyperbolic helices, and by translations along the vectors of an isotropic 
two-dimensional plane. The solution of the system of equations (12. 2|) 
for e 3 and e 2 — e 4 takes the form 

Ai = Ai(x\ x 2 + x 4 ). (3.182) 

Substituting ()3.182|) for A4 in equation ()2.2|) for the vector e X2 — 

XAi - A 1 (5 2 + 6f) + (A 2 - A A 8] = 0, (3.183) 

X = -(x 2 + x 4 )d 1 + x 1 (d 2 -d 4 ), (3.184) 



34 M. A. PARINOV 

we have the result: 

A _ s'Ci | c A _ i* 1 ) 2 ^ x]C, 

l ~ x 2 + x 4 2 ' 2 2(x 2 + x 4 ) x 2 + x 4 3 ' (3.185) 
A 3 = C 4 , A 4 = A 2 + d (C fc = C fc (x 2 + x 4 )). 

Substituting ()3.185|) for A, in ()3.10|) (the equation (|2.2j) for the vector 
e24 + Aei), we obtain 

Ci = ^i(x 2 + x 4 ), C 2 = K X A ln(x 2 + x 4 ) + K 2 , 

K x \ 2 ln 2 (x 2 + x 4 ) + 2K 2 \ ln(x 2 + x 4 ) 
° 3 " 2(x 2 + x 4 ) (3-186) 



^(x 2 + x 4 ) + — C A = K 4 (Ki = const). 
2 x z + x 4 



Statement 66. T7ie dass P 4) i 3 of potentials that admit the group G^i 3 
is defined by (I3.185j) and (j3.18(-j|) . 

3.4.14. The algebra 

£ 4 ,i4 = £{ei2 - e i4, e 24 + Ae 3 , e 1 + ue 3 , e 2 - e 4 } 

corresponds to the group G 4) i4 generated by parabolic rotations, by 
hyperbolic helices, and by translations along the vectors of an isotropic 
two-dimensional plane (the group G^u is not conjugated to G 4j i 3 ). The 
solution of the system of equations (|2.2J) for e\ + ue 3 and e 2 — takes 
the form 

At = Ai(x 2 + x 4 , x 3 - ux l ). (3.187) 

3.4.14.1. Class P AMa . Let be v ^ 0. Substituting (13.1871) for A t in 
()3.183|) - (j3.184|) (the equation (|2.2|) for the vector e i2 — ei 4 ), we obtain 

vx x )C x 



i/(x 2 + X 4 ) 

(x 3 - ^x 1 ) 2 ^! (x 3 - z/x 1 )^ (3.188) 
2 ~ 2z/ 2 (x 2 + x 4 ) 2 + z/(x 2 + x 4 ) + 3 ' 

A 3 = C 4 , A 4 = A 2 + C 1 (C k = C k (x 2 +X 4 )). 

Substituting ()3.188|) for Ai in equation 

x 4 ^ + vd 3 Ai + x 2 d 4 Ai + A 2 6f + A 4 6 2 = (3.189) 
( (I2.2j) for the vector £ = e 2 4 + ve 3 \ we get 

Ci =iTi(x 2 + x 4 ), C 2 = -—\n(x 2 + x 4 ) + K 2 , 

^ A 2 ln 2 (x 2 + x 4 ) - 2K 2 \u ln(x 2 + x 4 ) 
^ = 2z, 2 (x 2 + x 4 ) (3 - 190) 



^I(x 2 + x 4 ) + ^^, C 4 = K 4 (K, = const). 
2 x" 1 + x 4 
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Statement 67. The class P 4) i 4a of potentials that admit the group 
G 4>14o is defined by (I3.188|) and (I3.19t)j) . 

3.4.14.2. Class P^nb- For v — we have the following result. 

Statement 68. The class P 4> i 4 f, of potentials that admit the group 
G^i4b (Ga,u for v — 0), is defined by the formulae 

A 1= 0, A 3 = ^(x 3 - Aln(x 2 + x 4 )), 

$(x 3 -Aln(x 2 + x 4 )) (3-191) 

x A + x 4 

where $ and \I/ are arbitrary functions of one variable. 

3.4.15. Class P 4) i5. The algebra £4,15 = L{ei 2 —eu, e 2 s+eu, £24 + Aei, 
62 — 64} is an extension of the algebra £2,110 by means of the vectors 
e 2 4 + Aei and e 2 - e 4 , hence P 4> i 5 C P2.n0- Substituting ()3.55j) -(j3.54j) 
for y4j in equation 

dA 

L e2 _ e4 A { = d 2 A - d A A t = 2x x ^ = 0, (3.192) 

we get 

x^i ((x 1 ) 2 + (x 3 ) 2 )Ci x 1 ^ + x 3 C 3 

A 2 - 2(X 2 +X 4)2 X 2 + X 4 + 

A 3 = ^4 + C 3 , A 4 = A 2 -Ci (C fc = C fe (x 2 + x 4 )). (3.193) 

X^ + X 4 

Substituting (J3.193|) for A4 in ()3.10|) (equation ()2.2|) for e 24 + Aei), we 
obtain 

d = iTi(x 2 + x 4 ), C 2 = -fTiAln(x 2 + x 4 ) + K 2 , 

_ _ „ _ -i^iA 2 ln 2 (x 2 + x 4 ) + 2if 2 A ln(x 2 + x 4 ) 

C 3"^3, C 4 - 2 (x 2 + x 4 ) + (3-194) 



+ ^(x 2 + x 4 ) + K \ , {Ki = const) 
2 + x 4 



Statement 69. T/ie c/ass P 4) is of potentials that admit the group 
is defined by (pHTIHjl and (jSZMD- 

3.4.16. Class P 4) i6- The algebra 

A,i6 = -^{ei2 - e u + Ae 3 , e 23 + e 34 + Aei, e 13 , e 2 - e 4 } 

is an extension of the algebra £ 3i i 4 1 by means of the vector ei 3 ; therefore 
P 4i i6 C P 3i i 4 for corresponding values of parametres. The substitution 
()3.1()9j) is replaced by 

2 4 Ax 1 + ux 3 Ax 3 — x 1 u 

u = x+x, <p= — — — — , ip= — — — — . (3.195) 

u + \ A u 4" \ z 

Substituting (j3~TT3jl — (J3~T95|) for A { in (j3~Tfi?jl (equation (J22J) for the 

vector ei 3 ), we obtain the following result. 

1 If we replace ji 1— » A, m A, A t— ► 0. 
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Statement 70. The class P^ie of potentials that admit the group G 4j i6 
is defined by the formulae 

A 1 = A 3 = 0, A 2 = A A = $(x 2 + x 4 ), (3.196) 

where $(w) is an arbitrary function. 

3.4.17. Class P^n- The algebra 

£4,17 = L {ei2 ~ eu, e 23 + e 34 , e l3 + Ae 24 , e 2 - e 4 } 

is an extension of the algebra £3,19 by means of the vector e 2 — e 4 ; 
therefore P 4)17 C P 3)19 . Substituting (l33^ - (l3~T32l for A { in (l3~H?2l . 
we get result 

„ r, 1 T , ^((X 1 )^^ 3 ) 2 ) 



2(x 2 + x 4 ) 

x^ + x 3 - fCi, 2 4 , K 2 (3.197) 

rz - — + ^r( a; + x ) + ^— "4> 

x^ + x 4 2 x^ + x 4 

A 3 = ^ix 3 + S, A A = A 2 - KAx 2 + x A ), 



where 



ln(x 2 + x 4 ) ln(x 2 + x 4 ) 

^ = K 3 cos — — + K A sin — — -, 

A A 

T ^ . ln(x 2 + x 4 ) T ^ ln(x 2 + x 4 ) ^ 

c = -A 3 sin h A 4 cos (Ki = const). 

A A 

(3.198) 

Statement 71. The class P^n of potentials that admit the group G^n 
is defined by the formulae ()3.197|) and ()3.198|) . 

3.4.18. Class P 4i is- The algebra £ 4i is = L{ei 2 , e ri , e 23 , e 4 } is an exten- 
sion of the algebra £ 3;20 by means of the vector e 4 , hence P 4) i 8 C -P 3 , 2 o- 
Substituting ()3.140|) for Ai in ()3.2|) . we get the following result. 

Statement 72. The class P 4) is of potentials that admit the group G 4> is 
tofces the form 

Ai = (0, 0, 0, A 4 (p)), (3.199) 



where p = \J{x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , and ^4 4 (p) an arbitrary function. 

3.4.19. Class -P 4 ,ig. The algebra £ 4 ,ig = L{e\ 2 , ei 4 , e 24 , e 3 } is an ex- 
tension of the algebra £ 3j2 i by means of the vector e 3 , hence P 4; ig C P 3)2 i. 
Substituting ()3.145|) for Ai in ()3.38|) . we get the following result. 

Statement 73. The class P 4 ,ig of potentials that admit the group G 4 ,i 9 
takes the form 

Ai = (0, 0, C{u), 0), (3.200) 
where u = \/ (x 1 ) 2 + (x 2 ) 2 — (x 4 ) 2 , and C{u) is an arbitrary function. 
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3.4.20. Class P 4i20 . The algebra £ 4j20 = L{e l2 -e lA , e 2 3 + e 3 4, e 13 , e 24 } 
is an extension of the algebra £3,17 by means of the vector ei3, hence 
^4,20 C P 3i i 7 . Substituting fiZJ^ - ^TTT^ for A, in (jSHj - dlSl (for 
A = 0), we get a solution; returning to coordinates {x*}, we obtain the 
result. 

Statement 74. The class P 4 , 2 o of potentials that admit the group G 4i2 o 
tofces the form 

A 1 =x 1 C{x 4 ), A 3 = x 3 C{x 4 ), 

A, = A 2 -(x 2 + x 4 )C(x 4 ), 

where x A = (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 — (x 4 ) 2 , andC(x 4 ), D(x 4 ) are arbitrary 
functions. 
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3.5. Potentials that admit five-dimensional symmetry groups. 

3.5.1. Class P^i. The algebra £5,1 = L{e 24 , e\, e 2 , e 3 , e 4 } is an exten- 
sion of the algebra £ 4) i by means of the vector e 24 , hence P 5j i C P 4) i. 
Substituting A = const for A+ in ()3.10|) (for A = 0), we obtain the 
result. 

Statement 75. The class P5.1 of potentials that admit the group 
takes the form 

Ai = (0, A, 0, B) (A, B = const). (3.202) 

3.5.2. Class P 5j2 . The algebra £ 5;2 = L{e 13 + Ae 2 4, ei, e 2 , e 3 , e 4 } is an 
extension of the algebra £ 4j i by means of the vector ei 3 + Ae 24 , hence 
Ps,2 C P 4 ,i- Substituting Ai = const for A { in (j3~2T^ - (j3^2|l (A ^ 0), 
we obtain Ai = 0, i. e. the class Ps j2 is empty. 

3.5.3. C/ass Ps j3 . The algebra £5,3 = L{e i2 — ei 4 , ei, e 2 , e 3 , e 4 } is 
an extension of the algebra £ 4) i by means of the vector ei 2 — en, 
hence P^z C P 4i i. Substituting Ai = const for Ai in ()3.14j) - (j3.15j) 
(A = fi = 0), we obtain the result. 

Statement 76. The class Ps i3 of potentials that admit the group G^^ 
takes the form 

Ai = (0, A, B, A) (A, B = const). (3.203) 

3.5.4. Class Ps i4 . The algebra £s )4 = L{ei 3 , e 24 , e\, e 3 , e 2 + e 4 } is 
an extension of the algebra £ 4i 5 by means of the vector ex 3 , hence 
P54 C P45. Substituting (j3.152|) for A4 in ()3.6|) (A = fi = 0), we obtain 



Ai = 0, A 2 = K x (x 2 -x 4 ; A 



9 4 • 
x A — x 4 



A 3 = 0, A A = K x (x 2 - x 4 ) - ^ 2 



(3.204) 



x 2 — x 4 ' 



where K\ and iT 2 are arbitrary constants. 

Statement 77. The class P 5j4 of potentials that admit the group G 5)4 
is defined by (I3.204j) . 

3.5.5. C/ass P 5i5 . The algebra 

£5,5 = L{e 12 - e u , e 23 + e 34 + Ae 2 , e x , e 3 , e 2 - e 4 } 

is an extension of the algebra £ 4) g (A = 0) by means of the vector 
e 2 3 + e 34 + Ae 2 , hence P 5j4 C P 4j g. Substituting (|3.1f)f)j) for Ai in (j3.174j) - 
(J3.175j) (v 1— ► A), we obtain the following result. 

Statement 78. For A = £/ie c/ass Ps ( 5 of potentials that admit the 
group Gs t 5 takes the form 

Ai = (0, $(x 2 + x 4 ), 0, $(x 2 + x 4 )) (3.205) 
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where $ is an arbitrary function; for A 7^ the same is 

A 1 = 0, A 2 = A 4 = -^(x 2 + x 4 ) + K 2 , A 3 = Kx, (3.206) 

A 

where K\ and K 2 are arbitrary constants. 

3.5.6. Class P 5)6 . The algebra £ 5i6 = L{e l2 — eu, e 24 + Ae 3 , ex, e 2 , e 4 } 
is an extension of the algebra £ 4j6 by means of the vector e l2 — exi, 
hence P 5j6 C P 4>6 . Substituting (13.15311 or (I3.154|) for Ai in (l3~Tl) - 
(ETTKJ) (A = /i = 6), we get 

Ax = 0, A 2 = A 4 = Kxe- x3/x , A 3 = K 2 (K 1} K 2 = const) (3.207) 
or 

Ai = (0, 0, $(x 3 ), 0). (3.208) 

Statement 79. For A ^ i/ie class P^^ of potentials that admit the 
group G 5 fi is defined by ()3.207|) .- for A = the same is ()3.208|) . 

3.5.7. C7ass P 57 . The algebra £ 5j7 = L{e 12 — &x&, e 24 , ei, e 3 , e 2 — e 4 } 
is an extension of the algebra £ 4i i3 by means of the vector ei, hence 
p5,7 C P 4 ,i 3 . Substituting (I3.185|) - (I3.186I) for ^ in (jHHJ), we obtain the 
following result. 

Statement 80. The class P57 of potentials that admit the group 
takes the form 

A * = (°> 1T1. C > 1T1 J > ( 3 - 209 ) 
\ X" 1 + X 4 x^ + x 4 / 

where B and C are arbitrary constants. 

3.5.8. C/ass P 5)8 . The algebra 

£ 5j8 = L{e i2 - eu, e 23 + e 34 , e 24 + Ae 3 , ei, e 2 - e 4 } 

is an extension of the algebra £ 4j i 2a (£4,12 for /i = z/ = 0) by means of 
the vector e 24 + Ae 3 , hence P 5i8 C P 4 ,i 2(l - Substituting ()3.178|) for Aj in 
()3.56|) . we obtain the following result. 

Statement 81. The class P 5)8 of potentials that admit the group G 5)8 
takes the form 

Ai = (0, $(x 2 + x 4 ), 0, $(x 2 + x 4 )), (3.210) 
where $ is an arbitrary function of one variable. 

3.5.9. Class Ps^. The algebra 

£5,9 = L{ei 2 - e M , e 23 + e 34 , e 13 , e 24 , e 2 - e 4 } 

is an extension of the algebra £ 4 , 2 o by means of the vector e 2 — e 4 , hence 
p5,9 C P 4 , 20 . Substituting (13.20111 for A* in (HOI) , we get 

, ^ 1 , C / 2 4 (X 1 ) 2 + (X 3 ) 2 > | P 

Al " Ca; ' ^-"2^ +X " x 2 + x 4 ) + x^x~^ (3.211) 
A 3 = Cx 3 , A 4 = A 2 - C(x 2 + x 4 ) (C, D = const). 
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Statement 82. The class P^^ of potentials that admit the group G^g 
is defined by ()3.211|) . 

3.6. Potentials that admit six-dimensional symmetry groups. 

3.6.1. Class Pe,i. The algebra £ 6 ,i — L{eu, ei3, e23, eu, e24, 634} cor- 
responds to the Lorentz group. It is an extension of the algebra £3,20 by 
means of the vectors eu, e24, and 634, hence P^i C P3,2o- Substituting 
(I3.14t)|) for Aj in (l3~TTH) (A = 0), we obtain Aj = 0, i. e. the class of 
potentials that admit the Lorentz group G$ t i is empty. 

3.6.2. Class P§ 2- The algebra £ 6i2 = L{e\z, e 2 4, e 1; e 2 , e 3 , e 4 } is an ex- 
tension of the algebra £ 5) i by means of the vector ei 3 , hence P 6j2 C Ps^. 
Substituting (j3.20'4 for A, in (jUSl) (A = n = 0), we obtain A, = 0, i. e. 
£/ie c/ass of potentials that admit the group Gq^ is empty. 

3.6.3. Class P 6i3 . The algebra £ 6>3 = L{ei 2 -ei 4 , e 2 3+e 3 4, ei, e 2 , e 3 , e 4 } 
is an extension of the algebra £ 5 3 by means of the vector e 2 3 + e 34 , 
hence P 6i3 C P^^. Substituting ()3.203|) for A, in ()3.53|) . we obtain the 
following result. 

Statement 83. The class Pq^ of potentials that admit the group Gq^ 
takes the form 

Ai = (0, A, 0, A), A = const. (3.212) 

3.6.4. Class P 6)4 . The algebra £ 6j4 = L{ei 2 — eu, e 2 4, ei, e 2 , e 3 , e 4 } is 
an extension of the algebra £5,1 by means of the vector e±2 — eu, hence 
C 6 , 4 C C 5 ,i- Substituting (j3~2l^jl for A, in (jTOjl - fpTTnT) (A = /i = 0), 
we get the following result. 

Statement 84. The class P 6)4 of potentials that admit the group G 6) 4 
zs defined by ()3.212|) . 

Remark 2. Statements IHB1 and 1541 involve the potential ()3.212|) admits 
more wide symmetry group than G 6 3 and G G ^. 

3.6.5. Class P^. The algebra 

£ 6j5 = L{ei2 - eu, e 23 + e 34 , e 13 + Ae 2 , ei, e 3 , e 2 - e 4 } 

is an extension of the algebra £5,5 (A = 0) by means of the vector 
ei3 + Ae2, hence Pg,5 C Ps,5(a=o)- Substituting ()3.2()5j) for A, in ()3.6|) 
(/x = 0), we get A$' = 0. We have a result. 

Statement 85. For A = the class Pq^ of potentials that admit the 
group G 6j5 is defined by (|3.205|) : /or A 7^ the same is (|3.212|) . 



GROUP CLASSIFICATION OF POTENTIAL STRUCTURES 



41 



3.6.6. Class P 6j6 . The algebra 

£ 6j6 = L{e 12 - eu, e 23 + e 34 , e 24 , &u es, e 2 - e 4 } 



is an extension of the algebra £ 5i5 (A = 0) by means of the vector e 2 4, 



hence P 6i6 C P 5 , 5 (a=o)- Substituting (I3.2t)5j) for A { in (ETTUJ) (A = 0), 



Statement 86. The class P 66 of potentials that admit the group G 6i6 
is defined by ()3.213|) . 

3.6.7. Class P 67 . The algebra 

£ 6 , 7 = L{e 12 - eu, e 23 + e 34 , e i3 + Ae 24 , e u e 3 , e 2 - e 4 } 

is an extension of the algebra £5,5 (A = 0) by means of the vector 
e i3 + Ae 24 , hence P 6j7 C Ps,5(a=o)- 

Substituting (l3~27I51) for A< in (j3~2Tjl - 

()3.22|) . we get the result. 

Statement 87. The class Pqj of potentials that admit the group Gqj 
is defined by ()3.213|1 . 

Remark 3. Statements IHH1 and IH7I involve the potential ()3. 213)1 admits 
more wide symmetry group than Gq^q and Gqj. 

3.6.8. Class P 6i8 . The algebra £ 6j8 = L{eu, e i3 , e 23 , ei, e 2 , e 3 } is an 
extension of £ 3 , 2 o by means of e±, e 2 , and e 3 , hence P^ t s C P 3 , 2 o- Sub- 
stituting ()3.14()j) for Ai in equations <9iA; = d 2 Ai = d 3 Ai = 0, we get 
the result. 

Statement 88. The class P^ t s of potentials that admit the group Gq^ 
takes the form Ai = (0, 0, 0, $(x 4 )) ; where $(x 4 ) is an arbitrary 
function. 

3.6.9. Class P 6i g. The algebra £ 6i g = L{ei 2 , e u , e 24 , ei, e 2 , e 4 } is 
an extension of £ 3j2 i by means of ei, e 2 , and e 4 , hence P 6j9 C P 3 , 2 i- 
Substituting ()3.145|) for Aj in equations d\Ai = d 2 Ai = d^Ai = 0, we 
get the result. 

Statement 89. The class P^g of potentials that admit the group G§$ 
takes the form Ai = (0, 0, $(x 3 ), 0), where $(x 3 ) is an arbitrary 
function. 

4. Appendix. Seven classes of Maxwell spaces that admit 



Using the group classification of potential structures, we define more 
precisely classes of Maxwell spaces that admit subgroups of the Poincare 
group PIE!- Here we describe classes of Maxwell spaces that correspond 
to algebras £ 3i i 9 , £ 4 ,i6, £4,17, £4,20, £5,9, £e,5, and £ 6i7 (according to 
(21 these classes are empty). 



we get 




(3.213) 
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1°. Class C 3) ig. For the algebra 



£ 3)19 = L{ei2 - e u , e 23 + e 34 , e 43 + Ae 2 4} (A ^ 0) 



we have the result. 



Statement 90. A Maxwell space of the class C 3> i 9 is defined by the 
tensor such that 



[I + (x 2 ) - [X 6 ) j - xVx 3 $i + -rf - X $ 5 , 

F 13 = x 1 (x 2 3> 1 -x 3 <S> 2 ), F M = F 12 + x 1 ^, 

~i (4-1) 

F 23 = -^i (l - (x 2 ) 2 + (x 3 ) 2 ) - x W<& 2 - |l - i 3 $ 5 , 
F 24 = x 1 ^ 2 ^ + x 3 ^) + $5, F 34 = -F 23 - x 1 ^, 



where $>k = &k{x 4 ) (k = 1, 2, 5) are arbitrary functions, 



$ 3 = $ 3 (£ 4 ) = / ( ^$i(5 4 ) - ^$ 2 (5 4 ) - $ 2 (£ 4 ) ) dx\ 



2A v ' 2 
//I ~* \ (4-2) 

$ 4 = $ 4 (X 4 ) = y /-_$ 2 (^ ) + |_ $ ' i( 54 ) + $i(£ 4 ) \ rf ~4 ; 



and the transformation of coordinates is defined by ()3.54|) . 



Example 1. If we replace Ci, C 2 , C 3 by zero and C 4 by <p = y?(x 4 ) in 
(l33nT) - (|3.132|) . we get the potential 



A\ = (f(x A ) sin — - — , A ?J = (p(x 4 ) cos — - — , 
A A 

a a ~2 i ~ 4 \ In x o , j. In x 

^2 = A 4 = x ip[x ) sin — x ip[x ) cos — - — 

A A 



(4.3) 
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Substituting (ET3J) - (13331) for A { in (j2~Tj) . we get 

'2{x l ) 2 p>' + p 2 A • hi(x 2 + x 4 



12 



+ 2x p \ sin 



x 2 + x 4 r J A 

2Ax 1 x 3 <^' + p ln(x 2 + x 4 ) 



cos • 



•13 



A(x 2 + x 4 ) A 

, / i ln(x 2 + x 4 ) o ln(x 2 + x 4 

2p ■ I x cos x sin 

\ A A 



F 14 = F 12 + 2(x 2 + xV-sin- (a;2 



23 



A 

2(x 3 ) V + p j A ln(x 2 + x 4 



+ 2x p \ cos 



x 2 + x 4 T ) A 

2Ax 1 x 3 y? / — . ln(x 2 + x 4 ) 

+ A(x 2 + x 4 ) Sm A ' 

n , ( x . hi(x 2 + x 4 ) o ln(x 2 + x 4 
F 24 = -2p> ■ x 1 sm — — + x 6 cos ■ 



A A 

F u = -F 23 + 2(x 2 + x V • cos ln(x2 A + ^ . (4.4) 

Statement 91. If p' = p\x A ) ^ 0, then the Maxwell space defined by 
the tensor ()4.4|) admits the three-dimensional group G$ = G^ig. 

2°. Class 6*4,16- F° r the algebra 

A,i6 = L i e i2 ~ ei4 + Ae 3 , e 23 + e 34 + Aei, e 13 , e 2 - e 4 } 
we have the result. 



Statement 92. A Maxwell space of the class C 4il6 is defined by the 
tensor Fij such that 

F l2 = F 1A = -v?$i(n) + ij)$ 2 (u), Fi3 = $ 1 («), 

^23 = -^34 = ^$2<V) + V$l(«)> ^24 = $ 2 (V), 

where $i(m) = i^/(M 2 + A 2 ), K = const, $2(w) an arbitrary function, 
and 

3 \~3 _J 



Ax 1 + ux 3 , Ax 3 — 



x u 



u = x 2 + x A , p = - ~~ , ^ = "~ 2 , T 2 ~ - ( 4 - 6 ) 
tr + A z ir + A^ 

Example 2. Substituting for $ 2 (w) in ()4.5j) - (j4.6j) . we get 

^(Ax 1 + (x 2 + x 4 )x 3 ) _ K 



ri2 rU ((x 2 + x 4 ) 2 + A 2 ) 2 ' Fl3 (x 2 + x 4 ) 2 + A 2 ' 

K{\x 3 -x 1 {x 2 + x A )) ( ' j 

-T23 — — -T34 — o 1 -f*24 — 0. 

((x 2 + x 4 ) 2 + A 2 ) 2 

Statement 93. If K ^ 0, t/ien t/ie Maxwell space defined by the tensor 
(J4.7J) admits the four- dimensional group G$ = G 4i i 6 . 
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3°. Class 64,17. For the algebra 

£4,17 = L{e 12 - eu, e 23 + e 34 , ei 3 + Ae 24 , e 2 - e 4 } 
we have the result. 

Statement 94. A Maxwell space of the class C 4 17 zs defined by the 



tensor such that 



12 — -T14 



ln(x 2 + x 4 ) . ln(x 2 + x 4 ) , 
A cos — — : + 5 sm — — + Cx 1 



x 2 + x 4 V A A 



^ ^ 1 ln(x 2 + x 4 ) . ln(x 2 + x 4 ) _ , 

F 13 = 0, F 24 = C (A, B,C = const). (4.8) 

Statement 95. If 1) C ^ and 2) A ^ for £ ^ 0j, &en tfie 
Maxwell space defined by the tensor f)4.8|) admits the four-dimensional 
group G s = G 4 ,i7- 

4°. Class C4 )2 o- For the algebra £ 4i20 = L{ei 2 —e u , e 23 +e 34 , e i3 , e 24 } 
we have the result. 

Statement 96. ^4 Maxwell space of the class C 4j2 o defined by the 
tensor stzc/i i/iai 

x 4 $ _ _ x 3 $ 

^12 — -^14 — 7, ^13 — U, -T 23 — — -T 34 



x 2 + x 4 ' 10 ' ZJ M x 2 + x 4 ' (4.9) 
F 24 = $ ($ = $(x 4 ) = $((x 4 ) 2 + (x 2 ) 2 + (x 3 ) 2 - (x 4 ) 2 )). 

Statement 97. If<S>'(x 4 ) ^ 0, then the Maxwell space defined by the 
tensor ()4.9|) admits the four- dimensional group Gs = G^o- 

Remark 4. In jS] the class C 4j2 o is not empty, but this is more narrow 
than above. 

5°. Class 6*5,9. For the algebra 

£ 5j9 = L{e u - eu, e 23 + e 34 , e 13 , e 24 , e 2 - e 4 } 

we have the result. 



Statement 98. A Maxwell space of the class C^g is defined by the 
tensor such that 

Cx 1 

F12 = Fu = —t— — t, F 13 = 0, F 24 = C, 

/ft £1 _l_ rr> L i. 

Cx* (410) 
F 23 = -F u = --^ T - 4 , (C = const). 

Statement 99. IfC^O, then the Maxwell space defined by the tensor 
(j4.10J) admits the five- dimensional group Gs = G5.9. 
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6°. Class Cq >5 . For the algebra 

£ 6j5 = L{en - ei4, e 23 + e 34 , e 13 + Ae 2 , ei, e 3 , e 2 - e 4 } 
we have the result. 

Statement 100. For A / a Maxwell space of the class Cq^ is defined 
by the tensor such that 



2 i 4 2 i 4 

X + X _ X + X 



'12 



i*i4 = Ci sin h C 2 cos 



A ' X 



x 2 + x 4 „ . x 2 + x 4 (4.11) 
F 23 = -F 34 = Ci cos — 6 2 sin — - — , 

F 13 = F 24 = (d, C 2 = const); 
if X = 0, then F^ = 0. 

Statement 101. If C\ ^ or C 2 7^ ; i/ien £/ie Maxwell space defined 
by the tensor (|4.11|) admits the six- dimensional group Gs = G 6;5 . 

7°. Class Cqj. For the algebra 

A,7 = -^{ e i2 - e M , e 23 + e 34 , e i3 + Ae 24 , e x , e 3 , e 2 - e 4 } 
we have the result. 



Statement 102. A Maxwell space of the class Cqj is defined by the 
tensor Fij such that 

F 12 = F 14 = $, F 13 = F 24 = 0, F 23 = -F 34 = ^, (4.12) 



where 



. \n(x 2 + x 4 ) . \n(x 2 + x 4 ) 

<P = — - a\ cos a 2 sin 



x 2 + x 4 \ X X 

1 / ln(x 2 + x 4 ) ln(x 2 + x 4 ) 

V = -5 t ai sm h a 2 cos 



(4.13) 

x2 +x *y~ L "~ x x 

(a\, a 2 = const). 

Statement 103. Ifa\ ^0ora 2 ^0, then the Maxwell space defined by 
the tensor (|4.12j) - ([4.13|) admits the six- dimensional group Gs = Gq^. 
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